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A. lNTHODUCTION. 

l'ntil about tPn years ago, the cksign of earth clams and clikPB was 
based almost exclusively on empirical knowledge and consic;tecl largely 
of adopting the cros:-;-section of successful clams, with little regard to differ­
ences in charactc•r of soil and foundation conditions. At present, we are 
in a period in which thr lwhavior of clams, particularly those IYhich han: 
failed, is analysed in thP light of modern soil nlPchanics. ThP understanding 
and knowledge thus accumulating is bPing used as the basis for a more 
scientific approach to the design of such Parth structures. 

The most outstanding progress in this subjC'ct relates to the questi(m of 
sePpagc beneath clams and dikes and to the effect of seepage on the stability 
of the:-:e struC'tures. Fmniclation failures clue to seepage, commonly known 
as "piping," were, for the first time, cmwctly explained by Terzaghi (I)* 
who devdopecl what may be termed the "mechanics of piping." Later. 
Terzaghi (2, 3 ,and 4), called attention to the importance of the forces 
created within earth clams and concrete clams, due to the percolation of 
water. The practical application of this information haii lagged behind our 
understanding of these forces partly because of theoretical difficulties of 
analyzing problems of seepage. It is only in recent years that substantial 
progress has been made in the solution of problems of seepage and ground 
water flow with free or open surface, of the flow through anisotropic ma­
terial:-:, and of the conclitionB of flow through joint planes of differC'nt 
materials. 

B. DARCY's LAW FOR THE FLOW OF 'VATER THROUGH SOILS. 

The flow of water through soils, so far as it affects the question of 
seepage through dams, follows J:2an•y's empirical law, ·which states tha!Jhe 
!i!J!01t1JLs>LJl:f21_v~ij>_s{{1.~e~~fKJ!TozJf!ljJEI~Jj~ji~Jrifkg_y]it;.__gzg_clLe2<i. This In w 
ean he expressed either in the form: 

or 
Va = k i 
Q=kiAt 

in which the symbols have the following meaning: 

Va = discharge velocityt 
k =coefficient of permeability 
i = hydraulic gradient 

Q = quantity of water 
A= area 

t = time 

(1) 

In Figure 1 the meaning of Darcy's law is illustrated in sii11ple form. 
A prismatic or cylindrical soil sample is exposed on the left side to a henri 

*N umernls refer to the bibliography at the end of this paper. 

tThis must not be conCused with the seepage velocity v8 =v0 
1 ~e , in which e=rutio of \rolume of voids 

to voJume of solid mutter. The average V(';locity through the sOil is represeuted b.r the seepage veloC'ity, 
while the discharge veloeit.y determine~S the quantit~· o£ flow. 

[larc!Js Lmv 

_ for ;=;bw fhrou9h 5o/.~~ 

j. l ,j 

Quonfil'l oF 5.repage Q ~ k. • L · 11· t 

Discharge Ve/ocdtj 

H<jdraulic Circ:dienf 

f'i'rea or Sample 

!?me 

v ~ k· i 

i ~ h, -_h_:: 
l 

R 

t 

Coerff'clenr or Permeobi!ily k. 

Fro. 1.- DARcY's LA \1' FOR FLow THHOUGH RorLs. 

tubes 

Fro. 2.- GENERAL DIFFEHENTIAL EQUATION FOH THE FLOW OF WATER 

THHOUGH HoMOGENEous IsoTHOPrc SoiLS. 
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of water 71 1, and on tlw right side to a sinalln heail h2. A" a n'sult, m1tl'l' 
~\\'ill flmv througl! i.hr! :e;amplr at a rate rliredly proportional to the hydraulic 

gmdi<'nt, i = h1
-

112 . If, for cxmnple, t hr differriJCP in ]wad (/11 -l12) in Fig-
- l 

me 1 is dn11i>l<'d, tlw qn:1rliity of srqmgr' \\'ill abo ]Je dnnbled. Tliis lin<'ar 
rdatiow-:hip :'nggr',.;ts that til[' Hmr of \rater through t!JC 1·oicb of most 
.~oils po~.sPs.scs tlw eharactPrislics of laminar flow. 

llnrry's law j,.: fn'quently attarked as being incoJTC'ct.. In geueral these 
attal'ks tu·e based on misinterpretation of test re::mlts or improper tcclmique 
of testing. In many cases tlwy are clue to loss of intemal stability of the 
.~oil under the artion of flmying wa.tPr. 

The reader may he assured that this law is valid for the study of 
s<'epage through clams. 

c. GENERAL DIFFEHENTIAL EQUA'l'ION FOR THE FLOW 

OF \VATEH '!'BROUGH HoMOGENEous SmL. 

If water is percolating through a homogeneous mass of soil in such a 
manner that the voids of the soil are completely filled with water and no 
c;hange in the size of the voids takes place, the quantity entering from one 
or several directiohs into a small element of volume of the soil (as shown 
in .Figure 2) mnst he equal to the amount of water flmying out on the other 
faces of this element of volume during ~ny given element of time .. This 
condition, which is a statement of the fact that both water and sml are 
incompressible, can be expressed for the three-dimensional case by the 
following equation: 

au a v aw 0 -+-+-= 
ax ay az 

(2) 

This is h1own as the equation of continuity. (See Reference 5.) In this 
equation, u, v and w are the three components of the discharge velocity ~'a· 

dh . . dh rlh 
If- represents the hydraulic gradient in the cluectwn of flow and-, -

& dx dy 

dh and are its three components, then Darcy's law: 
dz 

v = kdh 
0 

dl 

can also be expressed by the following equations: 

u = k ah l 
v = k ~~ l au 

ah 
w=k­

az 

(3) 
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By substituting Equation (3) in Equation (2), one arrives at the 
general differential equation for the steady flow of water through isotropic. 
soils.· This has the form of a Laplace differential equation: 

a2h a2h a2h -+-+- =0 (4) 
ax2 ~ a,~;2 az2 

In our problem of seepage through clams we have to deal only with 
the two-dimensional case which is satisfied by the equation: 

a2h a2h 0 -+-= ax2 ay2 
(4a) 

This equation represents hvo families of curves 1:ntersecting at right angles. 
(See Reference 5, p. 24 and 25.) In hydro-mechanics these curves are 
known r~spectively as the flow lines and the equipotential lines (or lines of 
equal head). 

D. FoRCHHEIMER's GRAPHICAL SoLUTION. 

Although the general differential equation ( 4) has been solved only 
for few and simple cases of seepage, we can make use of certain geometric 

h 

Seepa9e per Untt· JVIdth ol' IYafl 

Q - k.· h. ':,~ 

LJh~_!7_ n, 
• LJh 
{=~ 

Fw. 3.-FLow NE'l' BENEATH SHEE'l' PILE WALL. 

properties of flow lines and equipotential lines that permit graphical solu­
tions for practically all two-dimensional seepage problems. This method 
was clevi.sed by .Forchheimer (5), twenty-five years ago. 

To explaili this graphical method, the problem of determining the 
seepage beneath a sheet pile wall, shown in .Figure 3 is chosen. The ground 
surface is a line of equal head oi· an equipotential line; the head being 
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equal to the height of water standing above the ground surface, which ish 
on the left side, ancl zero on the right Bide of the wall. The bottom of the 
perviou:s soil stratum is a flow line; incidentally the longest flow line. The 
sides of the sheet pile wall and the short ~width at the bottom of the wall 
are the shortest flow line. 

If, from the infinite number of flow lines possible within the given 
area, we choose only a few in such a manner that the same fraction .:,q of the 
total seepage is passing between any pair of neighboring flow lines, and, 
similarly, if we choose from the infinite number of possible equipotential 
lines only a few in such a manner that the drop in head D.h between any 
pair of neighboring equipotential lines is equal to a constant fraction of the 
total loss in head h, then the resulting "flow net," Figure 3, posc;esses the 
propE)_r_ty_thalth~.J:aiJQ.9Ltl!~ s;!c:le§_gf_~Qcch r(Jctltngle, horderecUy_ two_ flow 
Ji~~~ an_cl twg eqlli,pote.nJia1li!lel3,)13 gpnstant. (See Reference 5, p. 82.) If 
all sides of one such rectangle are equal, then the entire flow net must con­
sist of squares. Conversely, it can be proved that if one succeeds in plotting 
two sets of curves so that they intersect at right angles, forming squares 
and fulfilling the boundary conditions, then one has solved, graphically, 
equation (4a) for this problem. With experience, this method can be applied 
successfully to the most complicated problems of seepage and grou~1d water 
flow in two dimensions, including seepage with a free surface. 

After having plotted a flow net that fulfills satisfactorily these necessary 
conditions, one can derive therefrom, by simple computations, any desired 
information on quantity of seepage, seepage pressures, and hydrostatic 
uplift. For example, the totaf seepage per unit of length and per unit of 
time is determined from the following fornrula, which is simple to derive 
from Darcy's law: 

(5) 

in which n1 is the number of squares between two neighboring flow lines, 
and11-2 the number of squares between two neighboring equipotential lines. 

The maximum hydraulic gradient on the discharge surface, which 
influences the safety against "piping" or "blows," is equal to: 

is= f).h (6) 
as 

in which as is the length of the smallest square on the discharge surface, as 

indicated in Figure 3, and ""h = !!_ the drop in head between two adjacent 
~) . 

equipotential lines. 
To assist the beginner in learning the graphical method, the following 

suggestions are made: 

1. Use every opportunity to study the appearance of well-constructed flow nets; 
when the picture is sufficiently absorbed in your mind, try to draw the same flow net 

\' 
' 

... 

). . , 
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without looking at the available solution: repeat this until you arc able to sketch this 
flow net in a satisfactory manner. 

2. Four or five flow channels are usually sufficient for the first attempts; the use 
of too many flow channels may distract the attention from the essential features. (For 
rxamples see Figures 1Sh awl c.) 

:3. Always watch the appearance of the entire flow net. Do not try to a<ljm>t <let ails 
before the entire flow net is approximately correct. 

4. Frequently there are portions of a flow net in which the flow lines shonl<l he 
approximately straight an<l parallel lines. The flow channels are then about of equal 
width, aJHl the squares are therefore uniform in size. By starting to plot the flow net in 
such an area, assuming it to consist of st.raight lines, one can facilitate the solution. 

5. Tlw flow net in confined areas, limited by parallel honntlaries, is freqnPntly 
symmetrical, consisting of curves of elliptical shape. (For example see Figure:~.) 

G. The hPginner usually makes the mistake of drawing too sharp tnmsitions he­
tween straight an(! curved sections of flow lines or equipotPnt.ial lines. 1\:ecp in mind 
that all transitionB are smooth, of elliptical or parabolic sharpl'. The size of the squares 
in each channel will change gradually. 

7. In general, the first assumptioq of flow channeb will not result in a flow net 
consisting throughout of squares. The drop in l;ead between neighbouring equipotPntial 
lines corresponding to the arbitrary number of flow channels, will usually not he an 
integei· of the total drop in heatl. Thus, where the flow net is entled, a row of rectangles 
will remain. For usual purposes this has no disadvantages, and the last row is t:tken 
into considemtion in comnutations by estimating the ratio of the silles of the rectangles . 
If, for the sake of appearance, it is desired to resolve the entire area into squares, then 
it becomes necessary to change the number of How channels, either by interpolation or 
by a new start. One should not attempt to force the change into squares by adjustments 
in the neighbouring areas, unless the necessary correction is very small. 

8. Boundary conditions may introduce singularities into the flow net, which are 
discussed more in detail in Appemlix I, e. 

0. A discharge face, in contact with air, is neither a flow line nor an equipotential 
line. Therefore, the squares along such a boundary :J;re incomplete. However, such a 
boundary must fulfill the same condition as the line of seepage regarding equal drops in 
head between the points where the equipotent.ialli1ies intersect. 

10. ~When constructing a flow net containing a free surface one should start by 
assuming the di!>eharge face and the discharge point and tht>n work toward the upstream 
ftwe until the eorre<'t relative positions of entrunee point amr disehurge toe are u ttuinecl. 
Hence, the scale to whi<"h a flow net with a free 8Hrfaee iE plotted, will not hc known until 
a large portion of the flow net is fini~hed. For Reepage problem~ with n free Hurfaee it is 
praeti<"ally impos~ible to cimstruet a flow net to a predetermined Heale in a reu~onable 
length of time. 

E. SEEPAGE THROUGH DAMs; GENERAL CoNSIDERATION:s. 

In almo:-;t all problems concerning; seepage beneath BlwPt pile "·ails or 
throuyh the foundation of a clam; all boundary conditions arc known. How­
ever, in the seeJHI(JC throulfh an earth clam or cliln~, the upper boundary or 
uppermost flow line is not known, but must first be found, thuR introclueing 
a eomplieation. This upper boundary isafree\\;atPr surfnee and "·ill be 
J~<'ferre~Uo u~the}~-~~~:~f .scqx~{Je . . - ~· ·~ ~ - ~~ ~ . ~ -- . .. .. - . 

Among thP available thPoretienl solntionN for seepage with n free 
snrfn<'<' tlH·n· is <Jllf' case whieb is of partirulnr importanee in emmeetion 
with om prohl<>m. It is E:ozmy'B solution (6) of tl1e flow alO'ng a horizontal 
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impervious stratum that continues at a given point into a horizontal 
pervious stratum, thus representing an open horizontal discharge surface 
as shown in Figure 9d. In this case, all flow lines, including the line of 
seepage, and all equipotential lines are confocal parabolas with point A 
as the focus. 

For the- more common problem of seepage through cross-sections in 
which the discharge slope forms an angle with the horizontal between oa 
ancl180°, such as the open discharge on the downstream face of a clam or 
discharge into an overhanging slope of a very pervious toe, such as a rock 

.Pr"" Ground !1bler $urmce 

General Condition /'or 
Free Surfoces 

(Line ·of Seepag" or Uppermosf /'low ui?e) 

Fw. 4.- GENERAL CoNDITION FOR Lnm oF SEEPAGE. 

fill toe, one has to use either a g'eaphical solution based on the construction 
of the flow net, or some approxiniate mathematical solution. In either case 
one must introduce certain conditions that the free water surface or line, 
0r ~e~~i~_ll~~i~(~T\i~J'§ {tl'lfilf. · 

The first condition is that tl:!Lelev_Q,_tioru~Lthe point of intersection 
qf_a_!ly_eqt!ip_()j_egti1lclJirle -.vith_tll~)_i!l~_Qi_S~(:)pa,ge reprgsents the hgad along 
this eqq.i_pot~ntialJine. If we construct a flow net consisting of square:=;, 
then it follows that all intersections of equipotential lines ·with the line of 
seepage must be_ ~g_~iclist[l.:r.l:.t__E:r..l!~"-':~~~~~al direction. These distances, 

h 
illustrated in Figure 4, represent the actual drop in head L'>.h =- beh,·ern 

any two neighboring equipotential lines. 
_ _'l'l_1e s_e~<;>nc{concli_!io]:l _ _!'efersJQJl!S',_§.!()_[Je _ _()f_tlle line of §_ee_plig(:) ILL the 

point of i:rl~en:{_'~tio~\jj:ll__[tllJ'bcmncl~I'YL~ls for exan_lpJe [j,t_tg~_poiilts of 
-e~tr~a~l-~e nncl <,.lischaxg_g __ [ll_l<:Lat _ _tb_~_b_Qtl_llS:lnry_ linE.' JgtJr.ee_iLJJiff~rfi.lt .~oib 
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(See Figure 5). By considerations based on the general propertic·:' uf a. 
flow net, one 'can arrive at the conditions which must be fulfilled at such 
points of transfer. In Appendix I are assembled derivations for typical 
c·ases. If, for example, the downstream face is inclined less than or equal 
to 90°, one finds that the line of seepage must be tangent to that face 'at the 
discharge point. However, for all overhanging slopes, the tangent at the 
discharge point must be vertical. A summary of the possible combinations 
is assembled in Fignre 6. 

F. SEEPAGE THROUGH HoMOGENEous Iso'l'ROPIC EARTH DAMS. 

a. Approx1:mate Solution for a<30°. The first approximate mathe­
matical solution for determining the quantity of seepage and the line of 
seepage through a homogeneous earth section on an impervious ba,-e was 

Schaf(ernak-!ferson (1916) 

R.ssumpfion: 9 • ky.#f 
Eesu If: 0 • c;;, ~-Jl'c.=~;~" --,"""/:,~: .. - .. ·· ( 1'1} 

For 0~ c< < 30" 

L. Casagrande (1932) 

,tlssumpflon• 9 = ky·fff 

(b) 

Result: a= 5,:ys.":'--;=tL=';n"'•-c< ..... (8) 
For 0-£ c< .,c 60• 
Can also be used with reasonable 
accuracy up fo G( = 90". 

For angles c< "' GO' if is su/'ficlent 
to setS.= Yh' i' d' in e9uation (8) 

Gr~phlco/ Solution qf Formula (A). 

Graphical Solution of Formulo (B). 

Fm. 7.- GRAPHICAL DE'rERMINATION oF DiscHARGE PoiNT FOR a<60". 

·proposed independently in 1916 by Schaffernak (7) in Austria, and Herson 
(8), in Holland. It is based on _l21!_puij;'~{~1~s_§_umnt~oil* tp::J,t in evexy: point 
of 11 ver~i_cf!,lline th.(l h:ydrauli(}gradie~t iE; consta11tawl equal to the slope 

dly of tll_e/fii;-~~-~{~~~~)agei ll,t_its ii~~(:)!§~Qi;i()_g _ W.ifu_th~t _ Y.ill'ticalline. This 
(X 

assumption represents a good approximation for the average hydraulic 
gradient in such a vertical line providing the slope of the line of seepage is 
relatively flat. 

*On this same assumption are based the common methods of computing ground water flow toward 
wells. 

.. , 
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IVith this n:s:;umption and the eull(lition that the qnantity of \\':lt<'r 
flowing through any eruss-sel'tion 1wr unit of time must hP <·onstan t. one 
nm derive the differential equation for the line uf s<>t·pagr' from Fignn· 7a: 

rllj 
q = ky __:_ 

rh: 
17) 

The c-:ulution of equation (7) yields the equation of ft parabola .. \.~~!lining 
that the quantities h, d, ancl a, in Figure 7, are known, all(] \rith tlw boun­
dary eonditions y=h for ~c=d, and rly/d:r=lwt a fur .i'=ll ('os a, or y=n sill a, 

integration leads to the following formula for the distance 11 whil'l1 det<'r­
mines the discharge point C of the line of seepage on the clownstn·am fac·P 
of the dam: 

(8) 

q = k a sin a tan a (9) 

These equations differ from their original form in the use of thP dis­
tam·e a, instead of its vertical projection, a change which provides a common 
basis for all theoret.iral developmrnts in this paper. A further ach·antage 

5 II 
1'., 

Direction 
of Axis 

T 

Fw. 8.- METHOD OF Lol'ATING POINT:o UN -~ PARAROL,\. 

rJf this c·hange rec-:ides in the possibility of determining graphically the 
distance a by means of a simple eonstruction* which is shown in Figure 7b. 
The ordinate through the known point B of the line of Reepage is extended 
to its interseetion 1 with the discharge slope, and a Remi-eirele drawn 
through the points 1 and A, with its ePnter on the discharge slope. Then a 
horizontal line through B is intersected with the discharge slope in point 2, 
and the distance ;2-A projected onto th<' cirele, yielding point :3. ThP final 
step is to project tlw clil:'tance 1-.J onto the disehargr slope. This yields the 
desired cliseharge point C. The proof for the validity of this mPthod is 
readily found by comparing this eonf'trnetion -with eqnation (8) nnd nePd 
not be discussed in detail. 

*Thi~ construetion if:: a ~implifieation of anoilwr meihod which was Proposed .in J1eferences 10 aud 11. 
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For thr :o;olutiou of many prohlrm:o; it is sufficient to knmr the discharge 
}>oint of the line of :-<<'<']ll\gP. If it is desirrd to clrn\\' the PntirP line of seepage. 
from the knom1 point B to. the clis<·hargr point C', one ean make u~e of the / 
graphical mrthod, shmm in Figure 8, for the rapid eon~truction of any 
numlwr of points on a parabola for whit·h are known hro points, the tangent 
to the parabola at one of these points, and the direetion of the axis. 

Through point B, Figure 8, one draws a line parallel to the axis and 
determines its intf'l'sPetion T \\'ith the. tangent. Then one cliYides the 
distanePs B-T and C-T into an arbitrary number of equal parts, such a;,: 
four parts. Point:-; I, II and I II are then connected with point C, and 
through points 1, :i and 3 one draws lines parallel to the axis. The points 
where the lines through 1 and I, .'2 and II, etc., inter:-;ect, are points of 
the parabola. 

b. Approx£mate Solution for a>30°. The approximate solution by 
means of equation (8), or the corresponding graphical method shown in 
Figure 7b, gi.~il.~a~i~~ac~ory r~~su~tsforsloyesof ~<3Q.0• For steeper slopes 
the deYiation from the correct values increases rapidly beyond tolerable 
limits. 

The causes for this deviation become apparent from a study of the 
flow net for a slope of a= 60°, shown in Figure ga. One can see that in the 
vicinity of the discharge point the size of the squares along the vertical line 
through the discharge point decreases only slightly towards the base. The 
average hydraulic gradient along this vertical line is larger than the 

hydraulic gradient ely along the line of seepage by less than 10 per cent. 
ds 

Ho-wever, the sine of 60°, which is the true hydraulic gradient for the line 
of seepage at the discharge point, is only about one-half of the tangent of 
60° used according to Dnpuit's· assumption. Hence the seepage can be 
analysed with a satisfactory degree of accnracy by means of the following 
equation: 

dy 
q=ky-

d8 
This improvement was proposed by Le0 Casagrande (10). 

(10) 

The difference between the use of the tangent and the sine of the slope 
of the line of seepage is best illustrated by the following numerical com­
parison for various 'angles: 

Sial'e tan sin 

30° 0.577 0.500 
G0° 1.732 O.SGG 
90° OJ 1.000 

Renee, for slopes <30° both methods may be used for practieal purposes 

. l I l F I > 30° I d . . 1 . dy w1t. 1 equa ac vantage. or s opes t 1e enatwn )y nsmg rl:r become;; 
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into!Prably large, \\·bile the use of rly is n•ry satisfactory: for ;.:lop<·:O up to 
d8 

60°; and if deviations of 25 per cent. are }Wrmitted, it may ewu lw ll:'('clup 
to goo, that is, for a wrtical discharge face. 

C;i!boy (12) sueceecled in finding an implicit solution of Pquation (10) 
1\·hid1 i:-; rPcommencled \Ylwre greater aeemaey is required than t·nn !w 
obtained by means of the graphical f'olution. The error.-; ill\'uh·l·ll in l iw 
position of the discharge point, as obtained by one or the othl'l' mdlt(Hl 

from Pquation (10), were investigated by G. I~. Reyntjif•nc; (13). 
Using the symbols shmvn in Figure 7a, and as;.;uming l lmt in Padt 

. 1 I I l I' l' . I t rllf t' ·1 - . . l ' .... vert.Jf'a t 1e 1yc ran 1c grac 1en t IS equa .o ... ..:.... , equa Ion ( 0) 1.~ t lf' wttr r-
ds 

Pntinl f:'quation for the line of set>page. The s;;lution of this f'quation c-annot 
readily he expressed by rectangular co6rdinates :r, and y. (See. Rei'Pl'C'lH'e.~ 

12 nnd 13.) However, the use of 8 and8a, measmed along the line of ~seepage,. 
doec: not represent any praetieal difficulty in the actual applieatiun of thie 
method. The quantity a, whieh determines the diseharge point for tlw linP 
of f:'e!•pagr, is found by a simple integration: 

Boundary 
Conditions 

ktl 
qs = -·- + constant 

2 

{
s =a, y =a sin a, q = ka si1121.x 
8 =Sa, !f = h 

a = S
0

- v S-'

0

_
2 
____ --~-~-~~-

si 11 2 a 
(11) 

q = k a sin~ a (12) 

Again, the quantitier; employed in these equation;; differ from the 
original form a::; presented in ReferPnces 10 and 11 to prrmit a simple 
graphical solution. This graphieal solution of PC[Wttion (11) i::; illustrated 
in Figure 7c, and can be easily vrrified. It requires first an assumption .for 
the rliseharge point. The length (8a-a) is c;imply taken equal to the 
strnig!Jt line from B to (\, :-;lwwn as a dotted line in Figure 7c. The slight 
error \Yhidl is introduced when (sa-a) is rrplacecl by a straight line has n 
ne~ligil >le Pffect on the positions of the discharge point. In fact, for slope,; 
a ,:S:flO', it is rntirdy tolerable to replace the length so hy the straight 

dist~lltCO:! from AB = Vh 2+d2 , thus eliminating trial construction::;. 1'11C' 
eonstnwtion is vf'l'y similar tt~-_!_~~t sho\'2_1 in Figure 7h, except tha·t point 1 

i:' fouw! by rotr1ting distance C1B, or AB, around point A. 
If d<>\·iations up to 2.5 per cent. are permitted, tht> simplified valuP 
-- ~ 

·~u = \ i>"-T-1/2 = AR may be u::;ed also for c;lopPs up to goo. For n vertical 
slopl_'_~l~J!!l~n~l[g.J!)r~c'!::'.redlteed t(.l_ the follmYingsimplr. fori1;; ...... . 

a= Vh 2+rl2-d ~--- (1:3) 

In ut It~'~' \Yords. for a wrti<'al disdmrgP faf'e thP !teight of tlH• dis<'hargr 



146 SEEI'.-\.GE THROUGH IH:.\IS. 

point for tlw line of :::eepage ean lw approximated by the diffPrC'nre 1 H't\YPen 

the clistanee AB = ,;h~+d~ and its horizontal projection d. 

c . .Solution for II Horizontal Discharge Surface (a= lt'i0°). In 19:31, 
Profc•ssor 1\ozcny (6) published a rigorous solution for the two-dimen­
~ional problPm of ground \Yater flow over a horizontal impervious ,.:urfacP 
irhieh ('Ontinues at a giwn point into a horizontal disehargP faee, a;: shown 
in Figure 9d. I\ozeny's tlworetical solution yields, for the flow lines and 
equi-poteHtinllinPs, tiYO families of confocal parabolas, with point A. \rhere 
1 he imJH'rvious am! pen·ious sections meet, as the f oeus. 

The PIJlUltion for the line of seepage can he conveniently expressed in 
t lw following form: 

in whi<'h .r and lJ an• the eoi.inlinatrs with the focus as origin, and flu the 
"rdinatP at the foeus .r = 0. 

If the line of S(•<·pagP is dl'termined by the coordinatl's d and h nf one 
known point, then the foeal distanee a0 and the ordinate J/o arp eomputecl 
from the following equation: 

Yn 1 l' I!"+!'' l) aa=-=- 'r- )--( 
2 ;! 

i 15) 

for whi<'h a graphic-al solution is rPemmnended. (Ser Figure llc-._1 The 

quantity !lo is simply equal to tlw diffPreneP hetwem thP distaner '\ rl2+h2 

from tlw given point (rl, h) to the foc·us of the parabola, ancl. the absc·issa rl. 
Tl1e foeal clistam·r ao is C'C[ual to 011<'-half tlw ordinate Yo· 

In addition to tlwse simple relationships it is of advantage to rC'nwmlwr 
that the tangei1t to the linP of SC'C'Jmgr at. :r = 0 andy= Yo is inclined at 45°. 

Tlw quantity of sPepage- per unit of width is, aecorcliug to I\oze11y's 
solution: 

q = 21.-11 0 =kyo ( 16) 

1t i,; indf''r;d fortnnatc that tlw 11robkm of sc·epn.gC' with a horizontal 
disdwrgP far·c· has ,;ueh a ;;imple solution, not only lweausP of the fact that· 
in mockru earth dam and lrvec dC'sign horizontal drainage blanket;,: in the 
downstream section an· assnming eoni:iidf'l'ahle importance, hut also heennse 
this solution pr·rmits fairly reliable and simple estimates for the po:-;ition 
nf the line' of sePpagP for oyerhanging cliseha.rge slopes. 

rl .. ·IJ;j!l'o.rimatc Solutions for Oi'Crlwnyiny Dischm·rfc .':lnfaccs 
i!I0°<a<7Sii0

) • • \]though tlw determination of tltC' linl' c;f seC'page a11d its 
point of exit for an Oi'(•rhanging disr·harge faer•, such as a rork fill to<', is 
f)j' importanc·p in thi· dP;;ign of r•artlt dams, little attention has been paid to 
this prohkn1. Experinwntal n•::mlts WC'rn puhlishecl by L~o Casagrande 
110 and 11 ), \\'hir·h pr•nnit a n•a;;onahly ac('umte <k1.<'rminntion of t!tc· li]](~ 

ol' :::c·<·png<•. Later, in 19:3:1, tlw author I']J('('kc·d the resnlts of tllC':o::r· m•HII'l 
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te:::ts 1 )y means of graphi('al solutions, of 'rhieh a fe\\' typic·al C'Xamp!C's arc· 
shmn1 in .Figure 9. Thes(• solutions eh0ek v.·ell \Yith the expPrinwntal result,. 
just rt>ferrecl to, awl are illustrated for one example in Figun' 10. Suc·lt 
stuclie,.; c·om·ineecl the_ author that Forehheinwr's graphiralmcthod for the· 
determination of the flcm· net enn he ntilized fm thr ;;olution of ;;eepagr­
prohlt-'ms ·with a free surfare. Tlw application of tlw graphi<'al method to 
sueh prohlemc; requires eonsiderablc skill. Thi;; <'an be ::ll'quired only hy 
extensiYe use of this method. Solutions surh as those shown in Figure 9 

Frr;, 10.- MoDEL TE;,;T ON 0TTA\L\ STANDARD HAND \\TI'H OvERH.A:'\nrN<; 

Dr;,;cHARGE f->LOPE. 

:'\<>tP ZOIH' of capillary ~tlturation above litH' of HPl'pag<'- upjH'l' d~-p lim•. 
Ajll'r L. Casagmude (IO). 

rPquin·d many hourc; of work; sonwtinws SPi'Pral days i\'<'!'1' c;pPnt ott oii•· 
ease.- lwcause of tlw complications that tlw unknmrn tt['Jl!'l' hottndar~­

introdm·Ps into sueh sePpagP prohlPms. 
After sufficiPnt graphi('al ;;olntions to p<·nnit a rapid d<'tPnnination 

of the lim• of seepagP for any ;;lopPs 60°<a_~180°, had IH'!'Il acetmllliat<'ci, 
thl' nttthor's attention \HlS callPd to Kozpny's (6) tiH'orl'ti<·nl solution for 
a = l:SO~. This j)l'm·ed a splPtHlid opportunity for f'ill'c·king the· :u·c·urar'_i' 
of a pmPly graphieal ;;olution of a S<'l'p:tge prohlPm \\'ith a fn•<' 1ratPr 
surf net>. Figure 9d rppr<•sents the original graphi<•nl solution. The diff<'I'C'IIC'<· 
betiYPPn this solution and the theorPtienl ;;olution ic; not more t'ltnn :3 per 
cent. i'ur any point on thf' !inC' of s<•rpaw•. Tlwn.forc'. 110 attrmpt \\as m::uk 
to indmle the thcordi('a[ solution in Fi!!:Ur<' 9d. Thi:-.: n·markahle ac·c·nr:H·y 
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of the graphical method should convince critics that tlw method i-' not. n 
playthi;1g but has great merit and that the time spent on al'quiring ,,uffiei(cllt 
skill in this method is ·well invested. 

To simplify the application of the graphieal solution for very "h'!'P and 
overhanging discharge slopes sueh as are shown in Figures 9, a. J, and !', 

these flow nets were compared with Kozeny's theorrtical solution for a 
horizontal discharge face. For the sake of simplicity, the line of .~ePpage 
for a= 180°, which is represented by equations (14) and (15), ancl Fignrf' 9d, 
will he referred to as the "basic parabola." 

In Figure 9, the basie parabola is plotted into every case illu;;trated. 
Tlll' hasic parabola a11d the actual line of seepage approach each other very 
quickly and for practical purposes may he assumed to he identical for 
points whose ordinates hare less than their horizontal distance;;: from the 
discharge point C. By comparing the actual line of seepage for a given 
disl'harge ~lope with the basic parabola, we find that the intersection of this 
parabola with the discharge face is a distance Mt above the discharge point 

of the line of seepage. The ratio C =_a_ (see Figure 9) graclunlly de-,_ n+ Mt 

creases with increasing angle a. The ratio Cis equal to 0.32 for a =60°; 
for a vertical surface (a= 90°) it is 0.26; and for a= 180° the ratio C is, 
of course, equal to zero. 

In order to utilize these relationships for determining the line of 
:"eepage and the discharg.e po~nt for 11teep verti~al m~d overhanging :-;lppe> 
there has been plotted m Figure 11 the relatwnslnps between the \·atw 

a 
and the angle a. 

a+ t>a 
The quantity n+ M is found by intersecting the 

basic parabola with the discharge slope, an operation that can be performed 
either graphically or mathematically. In both ca..ses one compntrs or 

constructs first Yo= Vd2+h2 -d, for the known or estimated starting poi11t 
of' the line of seepage. The graphical determination of the inter;;:Petion (\ 
is usually preferred, since the basic parabola is neeclPd for the dPtermination 
of the line of seepage. The eonshuction of the parabola is brl't twrfonnrd 
in the manner illustrated in Figure 8. For tangent CT, either tlw tangent 
at the vertex of the parabola, or the tangPnt under 45° at x = 0 anrl !J = !Jo 
can he used. 

The :points on the curve representing the relation bet"'·een ct and 

c = -
1
-
1
·-, in Figure 11b, are derived from the graphical solution~. Note 

a.+t>a 
how elose to a smooth curvr these points lie. This is another demon"tration 
of the degree of accuracy that can be obtained l(Y means of the graphical 
method. 

. The quantity c is not only a func.tion of the angle a but it abo varies 
somewhat ·with the relative pol'lition of points B1, or B2, and Co (Figun· lid). 
The maximum variations in c, for the limits thf!,t would normally l>e en-
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countered in earth dams, are about ± 5 per cent. The curve in Figure 11b 
was determined for a relatively short distance from the entrance to the 
discharge point of the line of seepage, in consideration of the importance 
of stratification in earth dams which is discussed in the next chapter. 

Having plotted the basic parabola and determined the discharge point 
by means of thec-a relation, Figure 11, and knowing the tangent to the 
seepage line at the discharge point, it is an easy matter to draw with a fair 
degree of approximation the entire line of seepage, as shown in the various 
cases in Figure 9. 

FOI? IX <6/J' 
COMPUTE OR CONSTRUCT 'a' FROM 

,, h' . 
a :: "'·. y ~..z- "ln2 ct.. 

FOR COI'I$TRUCT/Oti $U F/6. 7c 
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fo----- FOR 90'<<1. < 180''-----1 
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Frci. 1(- APPLll'ATION OF BASIC PARABOLA TO DETER~IINATION OF 

Dlti('HARGE POINT OF LINE OF BEEPAClE, 
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r. Correctiou for UpNtremn Slope; Quantity of Sec]mge. Due to the 
entrance condition for the line of seepage and clue to the fact that Dupuit's • 
assumption is not valid for the upstream wedge of a clam, the line of 
seepage deviates from the parabolic shape. For the usual shape of a clam. 
there is an inflection point with a sharp curvature in the first section of the 
line of seepage, \Yhile for a vertical entrance face there is only an increase 
in cmTature without reversal of direction. _ 

For an accurate seepage analysis, these deviations should be taken into 
consideration. Referring to Figure lld, it would be necessary to know in 
advance the position of one point of the parabolic curve in the vicinity 
of the entrance point B. L. Casagrande has chosen the intersection B1 of 
the ordinate through the entrance point with the continuation of the para­
bolic line of seepage and has expre~:~sed the correction BB1 = L-.1 as a function 
of d, h and the slope of the entrance face. A graphical presentation (11) 
facilitates the finding of the necessary correction L-.1. 

Somewhat simpler is the following approach. Instead of selecting 
point B1 for the start of the theoretical line of seepage, we choose its inter­
section B2 with the upstream water level. The corresponding correction L-.2 

is about U to 1,4 of the horizontal projection m of the upstream slope, or 
for average conditions L-.2 = 0.3m. This is easy to remember and dispenses 
with the necessity for tables or graphs for the correction. The determination 
of the line of seepage is then carried out with point B2 as the starting point. 
The actual shape of the first portion of the line of seepage, starting at 
point B, can easily be sketched in, so that it approaches gradually the 
parabolic curve, as shown in Figure lld. 

The quantity of seepage q per unit of length can be computed either 
from equations (12) or (16). If we substitute in these equations the known 
quantities, they appear in the following form: 

and 

q = k(Vh2+d2 - Vd2-h2 cotan2 o:) s1:n2 o: 

q = k(Vcl2+h2 -d) 

(17) 

(18) 

For the great majority of cases encountered in earth dam design, both 
equations give practically the same result, so that the simpler equation (18) 
should be used for general purposes. In other words, the quantity of seepage 
is practically independent of the discharge slope, and is equal to the quantity 
that corresponds to the ba.sic parabola. Only in those cases in which the 
starting point of the line of seepage is very near the discharge face will the 
difference between the two equations warrant the use of equation (17). 

For the comparatively rare case in which tl~e presence of tail water 
must be considered in the design, the determination of the line of seepage 
and of the quantity can be performed by dividing the clam horizontally at 
tail water level inttJ an upper and lower section.. The line of seepage is 
determined for the upper section in the same manner as if the dividing line 
were an impervious boundary. The seepage through the lmn'r section i~ 
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determined by means of Dar('y's law, using the ratio of tht• diffcrPJH'e in 
head over the average length of path of percolation as tlw hydraulic 
gradient. The total quantity of seepage is the sum of the quantities flowing 
through the upper section and the lower section. The results obtained by 
this rather crude approximation agree remarkably well with the Yalues 
obtained from an accurate graphical solution. 

Those readers who are interested in data showing how the results of 
seepage tests agree with the computed line of seepage and seepage quantity, 
using the methods described in this chapter, should consult References 10 
and 11. 

G. SEEPAGE THROUGH ANISOTROPIC SOILS. 

By a combination of the various methods of approach that have been 
outlined, and with proper consideration of boundary conditions as sum­
marized in Figure 6 and discussed more in detail in Appendix I, one .can 
arrive at a reliable determination of the line of seepage through even the 
most complicated cross-sections of earth dams. The cross-section may 
consist of portions with widely different permeabilities; however, each 
homogeneous section in itself is a.ssumed to be isotropic, that is, possessing 
the same permeability in all directions. Unfortunately, this is practically 
never the case. Even a uniform clean sand, consisting of grains of the usual 
irregular shape, when placed in a glass flume for the purpose of building 
up a model dam section, does not produce an isotropic mass. The grains 
qrientate themselves in such a manner that the coefficient of permeability is 
not uniform in all directions but larger in a more or less horizontal direction. 
As a consequence, the entire flow net is markedly influenced, resulting in 
considerable deviations from the theoretical flow net for an isotropic 
material. 

Only by using a very uniform sand consisting of spherical grains, and 
by making tests on a sufficiently large scale, to reduce the capillary dis­
turbance, can one arrive at test results that are in good agreement with 
theory. For this reason most of the tests described in References 10 and 11 
were carried out on Ottawa standard sand. 

Soils, in their natural, undisturbed condition, are always anisotropic 
in Tegard to permeability even if they convey to the eye the impression of 
being entirely uniform in character. If signs of stratification are visible, 
then the permeability in the direction of stratification may easily be ten 
times greater than that normal to stratification. For distinctly stratified 
soils this ratio can be very much larger than ten. 

When soils are artificially deposited, as in the construction of a dam 
or dike, stratification develops to a greater or less degree. Such stratification 
has al~ays been recognized by enginee1;s as being undesirable, and for this 
reason special construction methods have been developed to disturb or 
destroy it. The hydraulic-fill core, during its construction, is frequently 
stirred with long rods in order to break up stratification as much as possible. 



J: 

' ' 

152 SEEPAGE THROUGH DAMS. 

She<'] J:-;foot rollr·r:-; tll'f' PffPctiYP in <·om pad ing Part h fills without r·n·ating 
di:-;tinC't stratifif·ation. HowevPr, in spitP of such prPC'autionary nwasurP:-;, 
a certain amount of stratification rPmains. In addition, it is pradically 
impo:-;:o;ible to eliminate considerable variations in tlw !!;Pnrral charadPr of 
the material in the borrow pit; e:o;pecially variations in pPrmPability, which 
\\·ill re,.;ult in sub:-:tantial variations in the permPability of the dam from 
layer to layer. These cannot be eliminatPcl by thorough rollill!!;. EvPn the 
mo:<t rm·pfully ronstructecl rolled earth dam" posseRs a <·onc;iclPrably grratPr 
average pPrmeability in a horizontal than in a vPl'tical direction. ThNefore, 
thorough investigation of Yariatimm in the <'iwradPr of the borrow pit 
materials fonnc; an important part of preliminary stucliec;. Taking into 
c·on:-:ic!Pmtion the uncertaintiesthat arc always encmmtr•recl in dealing with 
Roil clepoc;its and cannot be completely Pliminatnl by the most elaborate 
investigations, it is essential that we should be com;ervativP in the assump­
tion:-: on IYhich the design of an earth clam is based. This requires special 
attention to the possible degree of. anisotropy in the dam. 

The question of seepage through anisotropic soils was investigated for 
the first time and solved by Samsioe (14) in 1930. Fortunately the Holution 
is simple and knds itself readily to practical application. The flow net of 
an anic;otropic soil does not possess the usual characteristics of a flow net. 
Hm1;ewr, it can be reduced, by the application of an appropriate geometric 
transformation, to an ordinary flow net. Designating the maximum and 
minimum coefficient of permeability for an anisotropic soil as kmax and 
k 111 ;,, it can be shown matheniatically (see Reference 16) that by trans­
forming the entire cross-section in Ruch a manner that all dimenRions in the 

dire~·tion of kmax are reduced by lthe factor~' or that all dimension:' 
kmax 

in the direction of k,,., are increased by the factor Vk.max, the problem is 
kmin 

again reduced to a solution of Laplace's equation. In other words, the flow 
net in the transformed section has the sanie characteristic flow lines and 
equipotential lines as previously discussed in this paper. Among otherc;·. 
Forchheimer's graphical method and all approximate methods suggested 
in this paper are applicable to the transformed section. After having found 
the line of seepage, or the entire flow net, in the transformed section, it is a 
simple matter to project this characteriRtic flow net back into the true 
section, in which flow lines and equipotential lines will not generally inter­
sect at right angles. It should be noted that the hydraulic gi·adient at any 
point of the flow net and the magnitude of Reepage pressures can only be 
determined in the true section, while the distribution of pore pressures and 
of hydrostatic uplift can be derived from either section. 

The quantity of seepage can be computed from the transformed section 

on the basis of the coefficient of permeability I = V kmin. kmax. For proof 
see Reference 16. 
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Further information on serpagc through stratified soils, the tran~for­
mation theory, and (•xamplPs may be found in References 15, 16 and 17. 

TlH' applicafion of the transformation method is illustrated by the 
:-:imple example of a rollf'd earth dam with a rock fill toe, shO\m in Figur(• 12. 
The dinH'nsions and slopes of this clam are ~mch that if a suitable soil i..: u,;Pd, 
lmrdly any doubt would lw raised regarding its stability. The rock fill toe 
,.;cems to reprc::;rnt ample proi'ision for safe discharge of :-;cepagr \rater. 
Indeed, the linr of seepage, assuming i;:mtropic soil, docs fall \H'Il within the 
downstrmm ftwP as shown in Figurn 12a, (copffirient of prrmeahility in 
horizontal direction k 11 Pqual to roefficirnt in vertical direetion k,). How-
1.'\·er, if this clam is carelessly bHilt of various typ<'s of soils with "·idt'ly 
tliffPrPnt Jwrnwahilities, a structure may well result that is man~· timrs 
more peryions in the horizontal direction than in the 1ntical direction. ln 
the example shown in Figure 12, k11 = 9k, was chosen. On the right-bane! 
,c;ide a new cross-section of the dam is plotted in which all horizontal clinwn-

sions arc reduced by the factor VJ,·, = _!_. Then the line of seepage is 
kh 3 

determined in accordance '"ith the methods outlined previou~Jly, and pro­
jected back into the true cross section. As can be seen in Figure 12a, the 
line of seepage for kh = 9kv does intersect the downstream face, which is an 
undesirable condition that may in the course of time lead to a partial or 
('omplete failure of the structun•. 

H. RE:\IARKS ON 'l'HE DESIGN OF EARTH DAMS AND LEVEES. 

The question may arii-ie of how to construrt the downstream poi'tion 
of a simple rolled Parth flam, so that the line of seepage will remain a safe 
distance inside the downstream face of the structure, when onl;y ;::mall 
quantities of coarse material are available. A simple solution is sugge~ted 
in Fignrn 12c, in which a pPrviouc; blanket. hrlow thr downstream portion 
of the dam i,<;•pmploy~(Tt-~~~~~t..l·(;ftTic i)o~iilo11 of.t11<~~11I1e ofset'page·t~J a!1y 
(~~~~~l f'-~te~1t. .. S~~~~h a bl~nket sflC>ul;-(b{; biiilt UJ; as. a gi~acled filtPr. earn­

!uliy(f(\slgrlecl, to prevPnt ero,ion of any soil from the ciam. 
'\Vhenever a dam or ]eyee consists essentially of a uniform section of 

relatively impervious soil, e.g., possessing an average coefficient of permen­
bi'lity of less than 1 x IO-·I cn1. per sec., the pervious blanket may "·ell he 
Pxtendecl as far as the centerline of the structure, as shown in Figure 13c. 
Sue h a design '"onld add much more to the stability of the entire down­
:-:tream portion, including tlw underlying foundation, than could bP necom­
plicJwd by a substantial flattening of the clownstrPam slope. A lCI'cc bnilt 
in the cotwcnlional ma/711('1', with a downstream ~>lope of 1 on 5, would po;c;~e.~s 
less stability than n wcll-rompncted lcl!cc in which the downl)l.J;eam slope is made 
as .~tee}! as 1 on .2, but which contains a filter blanket of the type slimcn in 
Fiaure J,ic. In the example illustrated in Figure, 13~, it was assumed that a 
JH'rvious foundation stratum lies beneath the levee and that the permea-

<> 
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156 SEEPAGE THROUGH DAMS. 

bilities of thr lrw'r n1atrnal and thr unclrrlying foundation arP thP samE', 
with a ratio of k,jk. = 3. ThE' transformation \\·hich was rPquirE'd for 
obtaining thr flow nPt, i~ illu~trated by anotlwr rxample shown in Figure~ 
13a and h. The assumptions arP th.e same as in Figure 13c, except that the 
fiitrr blanket is rrclucPd to a longitudinal drainagE' strip with frrquPnt 
transvnsP outlets. A tile drain may abo bP emlwdclecl within the core of 
the longitudinal drainage filtpr to incrPase tlw capacity of thP drainage 
system if thr stmcture consiRts of relati\·rly per\'ious wils. This typP of 
drainage >Youlcl be employed >rhPrP the quantities of suitable material for 
tlw drainagP layer are \'Pry IimitPcl. To obtain thP ftmr nPt, the tntP sPrtion 
was tran~formed into a steeper seetion, using a~ transformation factor 
vk,/ k,, = v3. Tlw flow nPt was thrn obtained by Forchheinwr's graphical 
method, by gradual approximation. KotP tlw Pqui-distant horizontal lines 
intPrsecting the line of Reepage. These \\'E'l'<' plottrd lwfore starting thP 
flow net. In this example the IinP of Reepage is not identical with thP basic 
parabola, hrcau:-;P the surface of the foundation on which the structure' 
n'Rts is not a flow line. However, it i~ convenient to usP thP basic parabola 
as a genrraJ guide for thE' first plot of the flmr nPt. After a :-;atiRfactory 
solution is found, the flow net iR projected hack into tlw trur eros:-; R<'dim;, 
Figur<' 131>. . 

No attempt is made in this paper to disc·uss in clrtail the important and 
inh'rPsting rclatim1Rhips that exist hrtwPen the stability of Parth dam:-; or 
clikrs and thr SC'Ppagr through aml lwnenth tllPm. Ho\\·Pver, it should be 
emphasized that tlw forces Pxerted by perPolnting watrr upon the soil <·tm 
br \'Pry appreeiable, and are oftlm a maximum in critical point:-;. Tlwse 
S<'rpage forces. arr readily detPnnined from a \\'ell-C'OnRtructed flow net, 
and can thrn be combined with gravity forces for the stability ~walysi,.;. 
Anyone who has n}adP comparative stucliP::; of the srepage forces that may 
Pxist in clams and their founclation:s, must be impressed by the paramount 
importance of the clPsign of thosP features that control SPPpage. It is not 
surprising that on the basis of Pmpirical knowledge le\'Pes have bePn con­
strudrcl with flat slopes. A lrvPe built in the eom·entionaJ manner of sanely 
soil, with Rloprs of 1 on 2 or 1 on 3, would he an unsafe ::;trueture. Howeve;., 
c:ubstantial flattPning of the sloprs is a very eoc:tly way of increas:lng its 
Rafrty. BPc:iclPs, en'n vrry flat Rlopes do not nrce:ssnrily provide sufficient 
c:afPty against undermining, particularly \\'hen a lrwP rPsts on n stratified. 
IWtTious foundation. In viPw of the large expPnditures on ievPe construction 
whieh thP Jl<'Xt cl<'ead<' will bring, invPstmelit in rr'search in this field would 
pay rich clividetHl~ if new clPRigns for lent'S ,,:ere de\·PiopPcl that. would not 
only be much :mfrr than thoRP built in tlw past, but considerably lPRc; 
expPnsive. The widcszrrcad opinion among cnginecr/3 that in earth dmn allil 
lcl•ce dcl3ign "section makesfm safety" necd/3 to be raised. 

:Many failmes of lPVPC's are due to undermining eausf,'cl by seepage. 
through the founclatimt. Unles:-; drainage provision:-;, as c:hown for exam pi<· 
in r :, ~ 13, at'(' jll'OYidecl, the lnrgeRt coneentration of flOW lines, botiJ 
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tltrmt~h and i><•tt<'atlt tit<· dam, m·<·ur~ at tiH· dmn1~tn·an1 to<· \rltr·n' tlw 
c;oil i:-; not r·unfinr·rl. A:< stated l1eforr, flattening thP ~lope:-; does not grf'at ly 
imprm·l' this condition. In sonw r·asl's, pnrtir·tdarly \\·hen tlw foundation 
:o;oils an· puronc: and distittf'tly stratified, drainagP pi'OI·i~ion:-: \rithin a l<'\·<·e 
may not he suffici('nt protPdion. 1n c:uch eirenmc:tatH'Ps it may lw IH·n<·­
ficial to drill frequ('nt hull's into tlw foundation lwtH•nth thP.futlll'l' longi­
tmlinal drain, and to fill tiles(' holrs with c·oars(' mnt<•rial. Snr·h "drainag!• 
,,·ells" han• bren employed already for another purpose, the r!'iif'f of up\mnl 
rn·eRsnre on an o\·Prfimr clam (c:er Refpn•nce 18). Properly designed nml 
r·onRtruf'tecl drainage \\·ells ,,·mtlcl pffectiYely destroy any seriouR flmr <'Oil­
eentrnnon at tllP toe of thr structmP. In othPr eaRPs, partieularly for a 
very llE'l'\'ious, hut relatively thin foundation stratum, tiH' IN' of a shP!'t­
piie cut-off may be the ideal solution. 

Impro\·emeuts in levee design, aR suggrsted hen', Hl'P of a nature that 
will not produce intPrference with modrm construction methods. DrainagE' 
wei!R, longitudinal and tmnsversr drains or drainage blankPt,; must all lw 
!milt before con:-;truction of a levPP iR started. Thr building of the lPvPe 
can t lwn proceed in the same manner as if the drainage structures did not 
exist, thus rwrmittin~_full uRe of large drag lineR and tmwr machinrs. 

I. SEEPAGE THROUGH CoMPOciTE SECTIONS. 

For the purpose of controlling seepage and utilizing availablP soils to 
lJc•st advantage, it is usually necessary to build dams of RPVP!'al sPctions 
\\·ith \YidPly cliffPrPnt copfficients of pernwability. Sitlf~it is_conui·wn_ to 
11equire that the ratio in permeability between neighboring sections should 
l;~~tlE'~~t Ql~~ t~ tP\1, it is rarely nece~~ary to determine the flow net for the 
entirE' clamif aeareful stucly is made of tlw least pervious secti,ons. How­
E'VPr, in :;;ome casE's it may be nPcessary to determine the position of the 
entire line of seepage. In Figure 14 is rPproduced an Pxmnple given by 
L. ca~agmnclP (12)' showing the line of seepagE' for a combination of two 
c:ections, with the clownstrPam seetion built of soil which iR fiw times more 

I 
IL, 

!.';------~~=====-=~ 
II 

Fw. 14.- ;LINE oF SEEPAGE FOR A CoMBINED t\EC1'ION. 

The eomputed result was verified by model experiments. 
After L. Casagrande (11). 

[ 
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pervious than 'the central section. _T_l}g,_)jilg~ gLseepage through :::uch a 
eompCJ13i~e section is found by changing the assumed position for the_]Joint 
_f!Jintersection of the line of seepage with the boundary until ti~~qua~lti-ties 
flowing through both sections are the same. After the correct position of 
the line of seepage has been determined, one can also develop any desired · 
portions of the flow net. 

J. CoMPARISON BETWEEN FoRCHHEIMER's GRAPHICAL METHOD. 

HYDRAULIC JVIODEL TESTS AND THE ELECTRIC . 

ANALOGY METHOD. 

The purpose of model tests for seepage studies can be t\Yofold 
(1) determination of the flow net for a given cross-section, assuming that 
the soil is isotropic; (2) determination of the flow net if the model is build 
up in such a manner that it resembles the prototype as to possible strati­
fication, character of the soils, etc. 

For the first purpose it is essential that the material used shall consist 
of grains as nearly spherical and as nearly of one size as possible. In addi­
tion, the models must be large enough so that the height of capillary rise 
will not distort the line of seepage, particularly in that portion of the flow 
net near the discharge point of the line of seepage. (See Figure 10.) Use of 
Ottawa Standard Sand has given good results. Since one should not go 
much below the size of Ottawa Standard Sand on account of the distorting 
effect of capillary rise, one is obliged to use artificial spheres, such as glass 
spheres, of appropriate sizes for models containing sections with different 
coefficients of permeability. For such coarse materials the validity of Darcy's 
law must be checked. The results of careful model tests conducted with 
such materials agree well with the solutions obtained by. the graphical 
method, the electric analogy method, or rigorous theoretical solutions, so 
far as the latter are available. 

For the second purpose, the testing of models similar to the prototype, 
one has to know first of all how the coefficient of permeability varies in the 
prototype, not only in its various sections, but particularly within each 
section clue to aniHotropy. Then one must build the model to imitate, on a 
small scale, these conditions. It is a wa.'?te of time and money to build a 
model using the same soil as in the prototype without attention to the 
anisotropic conditions in the prototype. Such a model does not represent 
the prototype; nor are the results comparable to the conditions for iso­
tropic materials, because the inevitable irregularities and stratification due 
to the method of building the model are reflected in the resulting flow 
net to such an extent that the flow net looks very much like a be­
ginner's attempt at employing the graphical method. The results of such 
model teHts ·will lie somewhere between the conditions for an isotropic 
model and the actual conditions in the prototype and will tell practically 
nothing that can be of assistance in our problem; on the contrary, such 
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results are often very confusing, particularly when the tests are made by 
men inexperienced in theoretical and graphical solutions and, therefore, 
are unable to interpret properly the test results. 

The electric analogy method, when used by an experienced operator, 
is a useful and accurate method for rlirect cletenm·nation of flow nets between 
given boundaries. Composite sections consisting of soils ·with different 
permeability can also be investigated by this method. Unfortunately, the 
method does not permit the direct determination of the line of seepage for 
those problems in which the upper surface is not a fixed boundary. Another 
disadvantage of this method is that it requires an accurate apparatus and 
the construction of a special testing model for every problem. If compared 
with graphical solutions, the electrical method is more expensive and 
requires more time. It should also be mentioned that a satisfactory presen­
tation of the results obtained by means of the electrical method require:" 
knowledge and application of the graphical method. In some instances the 
amount of work required to transform the test results into a good-looking 
flow net would have been enough to produce this flow net by the graphical 
method without assistance of the electrical apparattts. The graphical 
method will serve as an excellent check on the electrical method and 
should be used whenever accurate solutions are sought. 

Another important advantage of the graphical method is that the 
proce;;s of finding the flow net for a proposed section almost inevitably 
suggests changes in the design which would improve the stability of tlw 
structure, and often its economy. With some experience in the use of tlw 
graphical method the effects of changes in one or the other detail of the 
design can quickly be appraised without the necessity of finding the com­
plete flow net for a number of different cross-sections. Thus there can be 
explored in a short time many possibilities which would require months of 
work with any of the other methods. Such studies have already indicated 
desirable changes from the conventional design of earth clams and levees, 
some of which were briefly discussed in the preceding chapter. 

Finally, there should be mentioned the pedagogical value of the 
graphical method. It gradually develops a feeling or instinct for streamline 
flow \Yhich not only improves, in turn, the speed and accuracy with which 
flow nets can be determined, but also develops a much better understanding 
of the hydromechanics of seepage and ground "·ater movement. The in­
vestigator who is trained only in the use of "mechanical" methods for 
analysing seepage problems can check his tests only by performing addi­
tional tests. He is rarely able to detect inaccuracies by the appearance of 
the test results. In contrast to this, the author has been able to point out 
even minor inarcuracics in the results obtained from model tests, as a result 
of the sense for streamline f!my developed by applying the graphical method 
for years. 

In conrluding this discussion, the author \ric:hcs to emphasize tlw 
nlmn:-:t obYiou;; point, which neyerthele:ss is frequently m·erlookecl, thnt thP 
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investigator should consider carefully, before starting any model tests, 
what information he desires to ohtain from these tests. In nine cases out 
of ten he will then come to the conclusion that he could obtain the results 
without tests. Particularly in those cases where he attempts to evaluate 
the effect of variations in the coefficient of permeability, he will arrive at a 
better conception of the probable limits within which the seepagr eoncli­
tions in the prototype may vary by making a careful study of the po:-;:-:ihle 
variations in the coefficient of permeability (e.g. from studies of the varia­
tions in the borrow pit material) and then applying these values in graphical 
solutions, utilizing the transformation method. A model test would yield 
only one result, the relation of which to the prototype is often unknown. 
Such a test would certainly not permit a conclusion in regard to the 
probable limits ·within which the actual flow conditions will vary. 

The practical application of the graphical method would be promoted 
if, for all typical conditions encountered in dam design, carefully con­
structed flow nets were published. The beginner in the use of the graphical 
method in particular, would be greatly assisted and encouraged in his 
efforts to acquire skill in the use of this valuable tool. 

APPENDIX I. 

· (a) Deflection of Flow Lines Due to Change inP er meability. Flow lines are 
deflected at the boundary between isotropic soils of different permeability 
in such a manner that the quantity t.q flowing between two neighbouring 
flow lines is the same on both sides of the boundary. Referring to Figure 5, 
in which the flow net is plotted on the basis of squares for the material on 
the left of the boundary, and designating by t.h the drop in head between 
any two neighbouring equipotential lines, the following relationship can 
be set up: 

or kt c 

k2 b 

a b and __!!___ -----
s~n a sin {3 cos a 

By combining these relationships one arrives at: 

c tan {3 k1 
-=--=-
b tan a 

(19) 

b 

C08 {3 

(20) 

Expressed in words, the deflection of the flow lines occurs such that the 
tangent of the intersecting angles with the boundary is inversely propor­
tional to the coefficients of permeability. Furthermore, the square::: on aile 
side of the bouncla.ry change on the other side into rectangles "·ith the 
ratio of their sides equal to the ratio of the coefficients of permeability, such 
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that the flow channel~ are \Yidrr in t.he matPrial with tlw smallrr coAfficient 
of prrmeability. 

It is prohalllP that Forchlwinwr was thr fir:<t one to use thrsc rebtion­
:;hips. Hmwnr, he Iwwr took the tmulJ]p to publish tlwm. In 1917, he 
c·omnmnif'atwl tho~r relationships to Terzagl1i, who mack rxten:;i,·e use 
of them in l1is foundation invc•stigations of clamN, and abo taught them in 
his cour~e in SoillVIer:hanie.~ at thr lVla;;;;aehusrtts Institute of Terlmology, 
during 192.5~29. 

(b) Traru~Jer Conditions for Line of 8ccpaue at. Boundaries; Oewml 
Remarks. L. Casagrnnde (10) made use of the grneraJ proprrties of a flow 

LJIYE OF 5EEPI/GE 

HORIZOIYTAL 

Fw. 15.- DERIVNl'ION OF DmcHARGE CoNDITION 

INTO -0VERHANniNG SLOPE. 

net to analyze the condition at the entrance and di:-;dmrge points of the 
line of seepage. Following the same general approach, the author deter­
mined the transfer conditions for other cases, induding thr transfer at the 
boundary betwren soils of different pernwahility. The rc·sults are assembled 
in Fignre 6. 

To acquaint the l"l'tHkr with the method used, it will lw sufficient. to 
present in the following the tlrriYation for two typieal eases. 

(c) Dischnryc into an Oncrhanuin(J 8/opc. In Figure 15 is shown the 
flow net in the imnwdiatr vi<'inity of the disr·harge point, snffieirntly 
mlarged so t bat flow line:' ancl equipotential linC':-: a.pprar straight. The 
;;]ope of tlle line of .'<C'rpage at the di:-;dmrgA point, the "<li~eharge gradirnt," 
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is assunwcl arbitrarily; then the ftmy net is plotted, starting with a series 
of equidistant horizontal lines \Yhich represent the head of consecntin:' 
equipotential lines. One can see immediately that the assumed discharge 
gradient in Figure 15 cannot be correct, because it is impossible to elm,,. 
squares in the lower riortion of the flow net. By setting up tlw condition 
that the sides a and b of the resulting rectangles must become equal, one 
crrn arri\'e at the necessary condition for the discharge gradient. 

By projecting the sides a and b in the shaded triangles, Figure 15, one 
arrives at the following equation: 

_b_ sin I'= a cos (a+ 1'-90°) = c.h 
rosa _ 

To fulfill the condition' a= b, the only possible solution is a= 90-1'; that 
means the line of seepage must have a vertical discharge slope. 

(d) Transfer Conditions for L? .. ne of Seepage at Boundary between Soils 
of D(fferent Permeability. To analyze the transfer conditions for the cases 
illustrated in Figures 6k and m, we start fi;om the conditions that the 
hydraulic gradient at any point along the line of seepage is equal to the 
sine of the slope of the line of seepage of that point; and that the quantity 
flowing through a very thin flow channel along the line of seepage must be 
equal on both sides of the boundary. Referring to Figure 16a, we have the 
following velocities along the line of seepage, on both sides but in the imme­
diate vicinity of the boundary: 

Vt = kt sin (a-c./) 
V2 = kz sin (f3-w') 

The quantity tJ.q flowing through the channel is: 

ilq = ak1 sin (a-w') = ck2 sin(f3-w') 

wherein the quantities a and c represent the widths of the flow channels, in 
accordance with Figure 16a. After replacing the quantities a and c b~· 
their projection onto the boundary, and substituting k 1/k~ = ta 11 {3 /tan a, one 
arrives at the general condition: 

cos a s?·n (f3 -w') 
---
cos {3 sin (a-w') 

or 
sin (90-a) S1·n (f3-w') 

sin (90- !3) sin (a-w') 

If 1ve assume 90-a>{3-w, then it follows that 90-{3<a-w', 
versa. Hence the only possi ble solution is: 

or 
or 

90-a = {3-w' 

{3 = 90+w'-a 
{3 = 270°-a-w } 

and viee 

(21) 
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Since this condition clm•s not contain the cordfieie11ts of permeability, it has 
to be fulfilled simultaneously with equation (20). Equations (20) and (21) 
determine, for a given slope w of the boundary, the unknown angles a and {3 

between the line of seepage and the boundary. 

(a) 

(b) 

w' 
!fORIZO/'ITAL 

/ 
/ 

,/ / 
/ 

/ 

/ 
/ 

/ 

/ 

I ( 
/ 

FIG. lG.- TRANSFER CoNDITION oF LJNE oF SEEP.·\UE 

AT OvERHANGING BouND,~RT. 

The solution of these two equations can best be found graphically in 
the manner illustrated in Fignre 16b. A circle is drawn with an arbitrary 
radius and the angle AOD is made equal to (90+w'). Then lines are drmYn 
through points A and D perpenclieular to the corresponding radii. The 
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problem is to draw another line through thr centf·r (J (shown as clot-dash 
line) >Yhich fulfills the condition that tlw ratio A.B. CD = kz!k 1• Such a line 
can be found quickly by trial. The unknmm angles a and (3 are detPrmined 
by the angles bet>wcn the dot-clash line and line.~ OA and OD, resprctiYely. 

Depending on "·hether kt is larger or ,.:mallPl' than k2 , \\'e arriye at 
solutions in which either point B or point C is nearer the center of the circle. 
The corresponding deflection of the line of seepage is illustrated in Figure,::. 
6k and1n. 

While this theoretical solution for kt> k2 can easily be nrified by model 
experiments, it is not generally true for k1 <k2• In this ease, wlwn the dmm­
stream section is more pen'ious, the boundary condition for the line of 
seepage' is also infltH•neecl by all other dimensions of the clam, especially by 
the eleYation of the discharge point and its clistanre from the boundary 
undPr consid<'ration. Only in speeial ca,.:es. particularly for hi!!:h tail .\Yater 

a; 
Frc:. 17.- THANSFER Co:-rorrroc-: OF Ll:->E Ol" i"EEPA<iE 

A'l' OVERHANGING BoUNDARY. 

lrnl, and r·opffir·i<'nts of pernwability that do not differ gn·atly, doPs th<" 
line• of ,.:('ppagr• folio\\' thP thPordi<'nl ,.;;olution. \Yhelle\·r·r thr tlwort'timl 
solution has the nppPtll'tUtee :-;hmnt in FigurP 17a, \\'ith thr line of seppagf' 
c!c•flpf'ted into ·an m·prhanging slope, it rr•prP:-;Pnt,.: a condition that may hP 
oh,.:r•t'\'ed on a small scalP in the laboratory hut clop,.: not ocrur on a largP 
sc·al<•. lnc;t<'acl of thP eontinuous line• of s<'Ppngr• of FignrP 17a, a disr·on­
tinuity dPI'dops, 11·ith tlw watPr sePping \'Prtimlly into thP more P<'I'\'iou;:: 
,.:oil, awl only ineomplc·tdy filling its Yoids. In othn \\·orcls, the quantit~· 
di,.:<'harging nrtically dmnnmrd at thr• houndnry i,.: insuffieirnt to fill thP 
Yoir!,.: of t hr• r·onrsr• ma tPrial. Tllf'n•fon•, norti1a I a tmosplwrlc pn•Hc;ure will 
ad along that sPdion of tlw houndmy and th<• la\\·s for opPn cli~·whargr are 
Yalid. fon·ing tlH' litH' of S<'<'pagc• to a,.:stmw a n•rti<'al clisdmrgr gmdiPnt 
at thr• boundary. Thut portion of tlH· r•oar,.:c•r soil whir·h i,.: only lmrtiall~­
sntumtc•d, is illu,.:tratl'd in Figur<• 17h by tlw shac!Pd an'a. 

TlH' grnphir·td ,.:olntion shown in Figtll'<' 161l also pPrmits dl'tPrtnination 
of tiH• transfpr <'OtHiition.-< for tin• Plltl'lliH'!' of the• litH' of SC'PpagP foi· the: 
sp<•<'ia)ca:-;l' illu,.:tratPd in Figun• (k. Tll<' opr•n hr)dy of 1rntPr on thr up-
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stream side may be considered a· porous material >Yith 7.' 1 ~co, for which 
case Figme 16b yields (3 = 90°. The same conclusion may be reached from 
equation (21), remembering that for this case, a= w'. This result mean~ 
that the line of seepage enters perpendicularly to the upstream face of the 
dam, a,::. shown in Figure 6c. 

(e) Singular Points in a Flow Net. In trying to apply Forchheimer'." 
graphical method, the beginner is frequently puzzled by the fact. that sonw 

6 7 EQUI-POr. Llf'fE 
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B 
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FIG. 18.-lLLUSTRATIONS OF SINGULAR POINTS OF FLOW XETS. 

"square,::." have no resemblance to real squares, and that, in some cases, 
flow lines and equipotential lines do not intersect at right angles. For 
example, in Figure 18a, the full-drawn areas 1, 2, 3, 4 and 4, 5, 6, 7 do not 
appear like "squares" to the inexperienced. HmYever, by subdividing such 
areas by equal numbers of auxiliary flow lines and equipotential lines, one 
can ea;,:ily check whether the original area is a "square" as defined for flo"· 
nets. By such sub-diYision one must arrivr at areas which appear more aml 
more like real squares. HmYever, in most cases it is sufficient to com'pare 



] I \ii .'-'EEP.-\<iE TJJHOl'C:Ji llA:IJ:-;, 

~ li1· :1 \'1'1':!,!!:1' di,.:t :llll'l'c- 1 1<'1 \\'!'I'll opposit I' sid1•s, that i,.:, 1'.,!!: .. t lw )pngt h, D· 1 () 
:1lld 11 12. l1y llll':lll>' of a pair of di\·id1•rs. 

In Figun· li-\a, thP <·ntin· arr·a to tlH• right of points 2. ~. 7 nmst al."o lw 
··flnsidf•rPd a squarP, in spit<' of thP fal'ts that tlw fomth point. lie::; at infinity 
:111d tlwt tlw nngiP lll'tm•<•n tlw flow linl' alld r·quiput<·ntiallillP at thi,.: point 
is z<·ru in::;tl'ad of goo. It is, indPI'd, po~sihle to I'OJJtillllt' ::;nhdiYidiJJg this 
:Jrea, a::; ;;limn! hy tlw dott1•d lill<•::;, always l<'a\'illg a sl'mi-infiJJite .-:trip as 
1 hr• "last sq1mn•. '' By this ]Jl'OI'Ps.~ of suhdi1·ision t h1• ammmt nf \\·atPr 
•·ntering into tlJP "last ;;qtmrP" is eontinuonsly n•fhll'<'d and appmaeiJP:s 
ZI'J'O. In tl1is way it is possible to rc·r·mwil<' the irrPgnlarity of tlw fourth 
•·orner hy the faf·t that there is 110 flow of \Yater at that point. 

Similar irregularities in tlH' shape of squares app<'ar when·wr a giYI'Il 
boundary of the soil, with \Yater entering or diseharging, and bmu;dary 
flow lines (impelTious base or line of seepage) intersei't. at a preclPtr·rminecl 
angle. If this angle is less than goo, then the velocity of the water at the 
point of intersection is zero. Such points arc the entranc:e poin( A of t.hP 
line of seepage in Figure 18b, and points B and C in Figure 18c. On the 
nther hand, if the interseeting angle is greater than goo, thPn the tlwuretical 
wloeity in that point i:o infinite. Sueh points are corner A in Figure grJ, 
corners Band C in Figme 18b, and point Din Figure 18e. The la:"t. rPpre­
·"Pnting the concentration of flow lines at the elevation of tail "·atPr level, 
i:" the cause for the well-known erosion which is observed on tlw clmnt..:trcnm 
:'lope of homogPneous clam sec~ions at the line of wetting. 

At points \Ylwre the theoretical velocity is infinite, the actual wloeity 
is influenced by the facts that for larger velocities Darcy's la\Y lo::;es its 
validity, and that changes in velocity head becon1e so important that they 
eannot be neglected. Hence, in the vicinity of sneh points the general 
differential equation (4) is not. valid, and the flow net \Yill deviate fr;m the 
theoredcal shape. However, the areas affected are so :'mall that theRe 
deviations may be disregarded. 

ApPENDIX II. 

Additions to the Original Paper. 

(a) Graphical Proccdurefor Detennim:ng Intersection betwecl~ Dz:.,c/wrge 
Slope and Basic Parabola. The intersection between the discharge face ancl 
the basic parabola, designated in Figure g by point Co, can he determined 
hy the following simple graphical procedme. 

Tl 1. 1 1/2-1! 2 
1e ore mate 11 of the intersection of tllP ba:"ie parabola .1' = -· --· -0 

2,1!o 
with the discharge slope y = ± x tan a is found a::; the :"oint ion of t!Je.-:p two 
Pquations in the follmYing form: 

hl = ± ~ + ,; 1!~2 + y} 
tn n a tanc a 
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The fir:"t member,~, is equal to the distance I~'B = j, in FigurP 1g; th<· 
tan a 

second member, under the square root, is equal to the distance • ..tB = (!; tlH' 
ordinate hi of the intersection is simply equal to the sum CI+u) for :wgl<'" 
a<go~. and equal to the difference (g-f) for angles a>goo. The~e rcla­
tionshi];s are expressed by the construction shmYn in Figure 19, whil'lt 
needs no further explanation. 

The discharge point of the line of seepage is then found as di:oeus:"ed in 
Section F-d, \Yith the help of Figure 11. 

(b) Comparison between Hamel's Theoretical Solution and the Pro]JO,,ct! 
A]J]JI'o.rimate liiethod.s. Hamel (19), has sueeE'edccl in arriYing at a rigorou;; 
mathematical solution of the problem of seepage through a homogeneous 

FOR a:< 90• FOR a:> go• 
FIG. 19.- GRAPHICAL METHOD FOR DETERMINING INTERSECTION BETWEEN 

BASIC pARABOLA AND DISCHARGE FACE. 

dam section. Unfortunately, the theory is so cumbersome that, in its 
present form, it is of little use to the engineering profession. It will be 
neces::;ary to compute a sufficient number of typical cases, and publish the 
results in the form of tables m; graphs, before engineers "·ill be able to realize 
the adYantages of this theoretical treatment. Recently, a few cases ha1·e 
been computed by Muskat (20) for coffPr clam sections with vertical side:'. 
These solutions presented an opportunity to investigate, at least for a few 
special eases, the accuracy of the approximate methods proposed in this 
paper. The results of this comparison were so encouraging that they are 
presented in the following paragraphs to permit the reader to formulate hi:­
own conelusions. 

In Figure 20 arc assembled three of the six eases \Yhich 1wre published 
by l\Iuskat (20). In ea'ch ease the elevation of the discharge point, as com­
puted from Hamd's t hcory, is defiignatcd hy (\,, and its \'ertical distance 

--- ---- ·----·--· 
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fn;m the t~il 1Y~ter level, or from the impervious base in the abseJlC'P of 
ta1l water, IS des1gnated aH. 

. An app:oximate elevation of the discharge point was found bv means 
qt the graphical procedure shown in Figure 7c. To facilitate the con~pnrison 
l >Ptwe:n t~1ese figures, all points in Figure 20 are marked to corre . ..:poncl to 
tl:ose m F1gn.re 7.c. The construction is shown with full lines. The re~ultant 
discharge po.mt IS marked C, and its elevation from the base, or t hP tn.il 
\Yater level, 1~ marked a. 

8 

_- --t ' 

Fw. 20.- CoMPARisoN BETWEEN Rwonous AND APPROXIMATE 

DETERJI!INA'riONS OF DISCHARGE POINT. 

. In addition to this construction, the simplified procedure was used in 
:vlnch sa= Vh2+d2

• For a vertical discharge face the simplified formula 
lor a ~Jecomes a'=_ vl~2+d2-d as propo:;;ed by Kozeny (6). The corre­
SJ?ondmg cm:strnctwn 1s sl:own in Figure 20 by dash lines and the resulting 
lhsd~arge pom~ and elevat~on ~redesignated by C' and a' respectively. 

The case Jllustrated m F1gure 20a, corresponding to l\1uskat 's case 
No. 6: ~s identified by the ratio djh = 0.937. Hamel's theory yieltls the 
quant1t1es aH/h = 0.394, and for the rate of seepage, q_H = 0.539 klz. 

As \Vas shown by Muskat (20) and Dachler (23), the rate of seepage 

('Olll]JtJtecl l f D 't' f 1 h1
2

- h.,z . . · JY means o upm · s ormu a q_ = • k, or without tail 
2d 

h2 
water q_ = 

2
rl k, rrpresents an rxcellent approximation. For the case illus-

trated in Figmc 20a, 1Ye have 

h 
If= - klz = 0 .. 539 kh 
· 2rl 
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The next case, Figure 20b, corresponds to l\!J:uskat's case No. 4 and is 
identified by the ratio djh = 0.556. The theory by Hamel yields the 
quantities aH/h = 0.596, and qH = 0.898 kh. The approximate rate of 
seepage, computed from Dupuit's formula, as described for the previous 

case, is q_ = 0.900 kh. 
The third case, shown in Figure 20c, is identical with Muskat's case 

No. 2. It differs from the other examples by the assumption of a definite 
tail water level, and is identified by the quantities djh1 = 0.663, and 
djh2 = 2.81. From the theory we get aH/h1 = 0.301, and q_II = 0.717 lch1. 
Dupuit's formula yields q_ = 0.695 kh1. 

The comparison between the values for the elevation of the discharge 
point obtained by Hamel's rigorous solution and those by the approximate 
methods shows that, for engineering purposes, the approximate solutions 
are very satisfactory. It is interesting and of practical value to note that 
the approximate methods also give satisfactory results for ratios d/h con­
siderably smaller than 1.0. Considering that the upstream portion of the 
flow net differs considerably from Dupuit's assumption of a constant 
hydraulic gradient in all verticals, this result is somewhat unexpected. For 
ratios of cl/h<l.O, it appears that I\:ozeny's formula (13) gives slightly 
better results than the formula by L. Casagrande. 

The remarkable agreement between the theoretical rate of seepage and 
Dupuit's approximate solution deserves special emphasis. 

(c) Graphical Solution by Means of the Hodogra.ph. A new graphical 
method for determining the flow net was proposed by W einig and Shields 
(30), in which the flow-net is determined graphically in the "hodograph 
plane" and then projected into the actual cross section. 

The hodograph of a flow line is the curve which one obtains when 
plotting from one origin velocity vectors for all the points of the flow line. 
Therefore, the straight line connecting the origin with one point on the 
hodograph represents the magnitude and direction of the velocity for the 
corresponding point on the flow line. 

Since the velocity along the free water surface is proportional to the 
sine of the slope, the hoclograph for the line of seepage is a circle with 
diameter equal to the coefficient of permeability. The hodograph for a 
straight boundary is a straight line. Therefore, all boundaries of the hoclo­
graph that correspond to the flow net of a homogeneous isotropic dam 
section are knmvn, and it is possible to set up equations that represent the 
solution of the problem in implicit form. That such a theoretical solution 
is rather complicated, even for the simplest clam section, has been men­
tioned before in the discussion of Hamel's theory (19). Therefore,\Veinig 
and Shields follow the theoretical approach, using the hodograph, as far as 
mathematics permits conveniently; then they proceed to find the flow lines 
and equipotential lines in the hoclograph by a graphical procedure which is 
essentially similar to Forchheimer's method. 
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One advantage of the method by \Veinig and Shields is the possibility 
of determining numerically correct values for the velocity at certain points 
along the boundaries. In comparisor::t with Forchheimer's graphical method 
the approach by \Veinig and Shields is much more complicated and requires 
a thorough acquaintance with the hoclograph, which very few engineers 
possess. Furthermore, this method is limited to simple cross-sections, while 
Forchbeimer's method can be applied to complicated dam sections and 
foundation conditions. 

\Veinig and Shields (30) have solved a steep triangular clam section 
by means of the graphical solution of the hoclograph. This cross-section is 

----.:-->-\'<_ 
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Fra. 21.~ DrscHARGE PoiNTs OB'l'AINED BY GRAPHlCAL f'·OLUTION 

oF HonoGRAPH AND l'YlE'l'HOD lLLUS'l'RATED IN Fro." 7. 

illustrated in Figure 21. Point Cw represents the discharge point as deter­
mined from the bodograph, and point C the discharge point using the method 
shown in Figure 7b. The elevation of point Cis 15 per cent. lower than that 
of Cw. How much of this difference is clue to inaecuracy in one or the other 
method is uncertain. Probably the hodograph solution is more accurate 
when the entranee point of the line of seepage is very elose to the discharge 
face. In Figure 20, as well as in Figure 21, ·the discharge points obtained 
by the simple graphical procedure are situated lower than the other more 
aecurate solutions. This would indicate the neeessity for applying a eorrec­
+ion in those cases where upstream and downstream face are very close. 
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