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A. INTRODUCTION.

Until about ten years ago, the design of earth dams and dikes was
based almost exclusively on empirical knowledge and consisted largely
of adopting the cross-section of successtul dams, with little regard to differ-
ences in character of soil and foundation conditions. At present, we are
in a period in which the behavior of dams, particularly those which have
failed, is analysed in the light of modern soil mechanices. The understanding
and knowledge thus accumulating is being used as the basis for a more
scientific approach to the design of such earth structures.

The most outstanding progress in this subject relates to the question of
seepage beneath dams and dikes and to the effect of seepage on the stability
of these structures. IFoundation failures due to seepage, commonly known
as “piping,”’ were, for the first time, correctly explained by Terzaghi (1)*
who developed what may be termed the “mechanics of piping.”’ Later,
Terzaghi (2, 3.and 4), called attention to the importance of the forces
created within earth dams and concrete dams, due to the percolation of
water. The practical application of this information has lagged behind our
understanding of these forces partly because of theoretical difficulties of
analyzing problems of seepage. It ig only in recent years that substantial
progress has been macde in the solution of problems of seepage and ground
water flow with free or open surface, of the flow through anisotropic ma-
terials, and of the conditions of flow through joint planes of different
materials.

B. Darcy’s Law ror THE FLow oF WATER THROUGH SOILS.

The flow of water through qoils, so far as it affects the question of
seepage through dams, follows Darcy’s empirical law, which states that the

amount of flow s divectly propmtzonal to the hydraulic gradient. This law

can be expressed either in the form:

vo=Fk 1
Q=kiAt
in which the symbols liave the following meaning:

ey

or

vo = discharge velocityt
k = coeflicient of permeability

7 = hydraulic gradient
@ = quantity of water
A = area

t = time

In Figure 1 the meaning of Darey’s law is illustrated in sithple form.
A prismatic or eylindrical soil sample is exposed on the left side to a head

*Numerals refer to the bibliography at the end of this paper.

1
{This must not be confused with the seepage veloeity v;=v, j , in which e=ratio of volume of voids

to volume of solid matter. The average velocity. through the séil is represented by the seepage velocity,
while the discharge velocity determines the quantity of ow.

Darcys Law

for Fow through So/'s

Quantity of Seepage @Q = k(-G ¢
Oischarge Velocity v = k. (

Hydraulc Gradient (= b% frz
frea of Sarmple A
Tirme £

Ceefficrent of Fermeability &,

F16. 1.— Darcy's Law ror Frow taROUGH SoOfLS.
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Fic. 2.— GeNERAL DIFFERENTIAL EQUATION FOR THE FLOW OF WATER
THROUGH HoMmoGENEOUS IsorropPic SoiLs.
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of water by, and on the right side to a smaller head Do Ax a resulf, water
will flow through the sample at a rate direetly proportional to the hydraulic
171'_‘]10

gradient, 1 = If, for example, the diffevence in head (b —ne) in 1ig-

ure 1is doubled, the quantity of seepage will also be doubled. This lincar
relationship suggests that the How of water through the voids of most
soils possesses the characteristies of laminar flow.

Darey’s law is frequently attacked as being incorrect. In gencral these
attacks ave hased on misinterpretation of test results or improper technique
of testing. In many cases they are due to loss of internal stability of the
<0il under the action of Aowing water,

The reader may-be assured that this law is valid for the study of
seepage through dams.

(!, GENERAL DIFFERENTIAL FEQUATION FOR THE IFLOW
or WATER THROUGH HOMOGENEOUS SOIL.

If water is percolating through a homogeneous mass of soil in such a
manner that the voids of the soil are completely filled with water and no
change in the size of the voids takes place, the quantity entering from one
or several directighs into a small element of volume of the soil (as shown
in Figure 2) must be equal to the amount of water flowing out on the other
taces of this element of volume during any given element of time. This
condition, which is a statement of the fact that both water and soil are
incompressible, ean be expressed for the three-dimensional case by the
following equation:

du dv Jw
ax  dy Oz
This is known as the equation of continuity. (See Reference 5.) In this
equation, u, » and w are the three components of the discharge velocity v,.

=0 - (2

o th dh
15 dh represents the hydraulic gradient in the direction of flow and :, o
el dx’ dy
and %/—l are its three components, then Darcy’s law: '
dz
dh
Vo = K —
dl
can also be expressed by the following equations:
aoh
(= Rk —
ax
v==~K o\ 3)
9y
w=k h
az
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By substituting Equation (3) in Equation (2), one arrives at the
general differential equation for the steady flow of water through isotropic
soils. This has the form of a Laplace differential equation:

2 2 2
a_h ] ]: ad lz _ (1)
ax? -9y 9t

In our problem of seepage through dams we have to deal only with
the two-dimensional case which is satisfied by the equation:

9*h  9%h

e + P 0 (4a)
This equation represents two families of curves intersecting at right angles.
(See Reference 5, p. 24 and 25.) In hydro-mechanics these curves are
known respectively as the flow lines and the equipotential lines (or lines of
equal head).

D. ForcHHEIMER’S GRAPHICAL SOLUTION.

Although the general ‘differential equation (4) has been solved only
for few and simple cases of seepage, we can make use of certain geometric

Haler Surface — Seepage per Unit Width of Wall
i
ah = L
) E T Q ke h 7
= SRS
5 s _-Sheet Lite Hall b
=T ah =
= R . ah
] Foundation Pit = g
i “d-a } =18
A VO 7 28 IR02E PPt IR 'I TR T ™
’ IZ]
i)
z 7 E
1
= L © ™~ »(
=
<4 5 /
o p ]
G “ E
", 7 2
8 o
gio\ ¥ ™
)
F23
| IParv bous |Stratum  (Eg. =
2 ,}]/‘9 s i e G A v
Je =

F16. 3.— FFLow NET BENBATH SHEET PiLe WALL.

properties of flow lines and equipotential lines that permit graphieal solu-
tions for practically all two-dimensional seepage problems. This method
was devised by Forchheimer (b), twenty-five years ago.

To explain this graphical method, the problem of determining the
seepage beneath a sheet pile wall, shown in Figure 3 is chosen. The ground
surface is a line of equal head or an equipotential line; the head being
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equal to the height of water standing above the ground surface, which is 7
on the left side, and zero on the right side of the wall. The hottom of the
pervious soil stratum is a flow line; incidentally the longest flow line. The
sides of the sheet pile wall and the short width at the bottom of the wall
are the shortest flow line. ,

If, from the infinite number of flow lines possible within the given
area, we choose only a few in such a manner that the same fraction ag of the
total seepage is passing between any pair of neighboring flow lines, and,
similarly, if we choose from the infinite number of possible equipotential
lines only a few in such a manner that the drop in head ah between any
pair of neighboring equipotential lines is equal to a constant fraction of the
total loss in head k, then the resulting ‘“flow net,”’” Figure 3, possesses the
_property that the ratio of the sides of each rectangle, bordered by two flow

lines and two equipotential lines, is constant. (See Reference 5, p. 82.) If
all sides of one such rectangle are equal, then the entire flow net must con-~
sist of squares. Conversely, it can be proved that if one succeeds in plotting
two sets of curves so that they intersect at right angles, forming squares
and fulfilling the boundary conditions, then one has solved, graphically,
equation (4a) for this problem. With experience, this method can be applied
successfully to the most complicated problems of seepage and ground water
flow in two dimensions, including seepage with a free surface.

Afterhaving plotted a flow net that fulfills satisfactorily these necessary
conditions, one can derive therefrom, by simple computations, any desired
information on quantity of seepage, seepage pressures, and hydrostatic
uplift. For example, the total seepage per unit of length and per unit of
time is determined from the following formula, which is simple to derive
from Darcy’s law:

q=kE™ (5)
1 .

in which n; is the number of squares between two neighboring flow lines,
and 7, the number of squares between two neighboring equipotential lines.
The maximum hydraulic gradient on the discharge surface, which
influences the safety against “piping”’ or “blows,” is equal to:
. AR
iy = (6)

aS
in which ay is the length of the smallest square on the discharge surface, as

indicated in Figure 3, and ah = h the drop in head between two adjacent

71’
equipotential lines.
To assist the beginner in learning the graphical method, the following
suggestions are made:

1. Use every opportunity to study the appearance of well-constructed flow nets:
when the picture is sufficiently absorbed in your mind, try to draw the same flow net
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without looking at the available solution; repeat this until you are able to sketch this
flow net in a satisfactory manner.

2. Four or five flow channels ave usually sufficient for the first attempts; the use
of too many flow channels may distract the attention from the essential features. (For
examples see Tigures 18h and e¢.) '

3. Always wateh the appearance of the entire flow net. Do not try to adjust details
before the entire flow net is approximately correct.

4. Frequently there are portions of a flow net in which the flow lines should be
approximately straight and parallel lines. "The flow channels are then ahout of equal
width, and the squares are therefore uniform in size. By starting to plot the flow net in
such an area, assuming it to consist of straight lines, one can facilitate the solution,

5. The flow net in confined areas, limited by parallel houndaries, is frequently
symmetrical, consisting of curves of elliptical shape. (For examyple see Iigure 3.)

6. The beginner usually makes the mistake of drawing too sharp transitions be-
tween straight and curved sections of flow lines or equipotential lines. Keep in mind
that all transitions are smooth, of elliptical or parabolic shar pe. The size of the squares
in each channel will change gradually.

7. In general, the first assumption of flow channels will not result in a flow net
consisting throughout of squares. The drop in head hetween neighbouring equipotential
lines corresponding to the arbitrary number of flow channels, will usually not he an
integer of the total drop in head. Thus, where the flow net is ended, g vow of rectangles
will remain. Tor usual purposes this has no disadvantages, and the last row is taken
Into consideration in computations by estimating the ratio of the sides of the rectangles.
If, for the sake of appearance, it is desired to resolve the entire ares into squares, then
it becomes necessary to change the number of flow channels, either by interpolation or
by a new start. One should not attempt to force the change into squares by adjustments’

in the neighbouring areas, unless the necessary correction is very small.

8. Boundary conditions may introduce angulal ities into the flow net, which are
diseussed more in detail in Appendix I, e.

9. A discharge face, in contact with air, is neither a flow line nor an equipotential
line. Therefore, the squares along such a houndary are incomplete. However, such a
boundary must iulhll the same condition as the line of seepage regarding equal drops in
head between the points where the equipotential lines intersect.

10. When constructing a flow net containing a free surface one should start by
assuming the discharge face and the discharge point and then work toward the upstream
face until the correct relative positions of entrance point and discharge toe are attained.
Hence, the scale to which a flow net with a free surface is plotted, will not be known until
a large portion of the flow net is finished, For seépage problems with a free surface it is
practieally impossible to construct a flow net to a predetermined scale in a reasonable
length of time,

E. SEErAGE THROUGH DaAms; GENERAL CONSIDERATIONS.

In almost all problems concerning seepage beneath sheet pile walls or
through the foundation of a dam; all boundary conditions are known. How-
ever, in the seepage through an earth dam or dike, the wupper boundary or
uppermost flow line is not known, but must first be found, thus introducing
a complication. This upper l)oundaly 15 a free water surface and will be
referred to as the line of seepage.

Among the available theoretical solutions for seepage with a {ree
surface there is one case which is of particular importance in connection
with our problem. Tt is Kozeny's solution (6) of the flow along a horizontal
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impervious stratum that continues at a given point into a horizontal
pervious stratum, thus representing an open horizontal discharge surface
as shown in Figure 9d. In this case, all flow lines, including the line of
seepage, and all equipotential lines are confocal parabolas with. point A
as the focus.

For the-more common problem of seepage through cross-sections in
which the discharge slope forms an angle with the horizontal between 0°
and-180°, such as the open discharge on the downstream face of a dam or
discharge into an overhanging slope of a very pervious toe, such as a rock

/—Free Ground Water Surfece

General Condition for
Free Surfaces
(Z/’ne of Seepage or Uppermost Flow Lize)

F1c. 4.— GuNERAL CoNDITION FOR LINE OF SEEPAGE.

fill toe, one has to use either a graphical solution based on the construction
of the flow net, or some approxiniate mathematical solution. In either case
one must introduce certain conditions that the free water surface or line,

of seepage must always fulfill

The first condition is that the elevation of the point of intersection
of any equipotential line with the line of seepage represents the head along
this equipotential line, If we construct a flow net consisting of squares,
then it follows that all intersections of equipotential lines with the line of

illustrated in Figure 4, represent the actual drop in head ah =~]ibetween
. ny

any two neighboring equipotential lines.
__The second condition refers to_the slope of the line of seepage

entrance and discharge and at the boundary line between_different soils
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(See Figure 5). By considerations based on the general propertics of a
flow net, one can arrive at the conditions which must bhe fulfilled at such
points of transfer. In Appendix I are assembled derivations for tvpical
cases. If, for example, the downstream face is inclined less than or equal
to 90°, one finds that the line of seepage must be tangent to that face at the
discharge point. However, for all overhanging slopes, the tangent at the
discharge point must be vertical. A summary of the possible combinations
is assembled in Figure 6.

T. SEEPAGE THROUGH HoMOGENEOUS Isorroric EARTH Dams.

a. Approximaie Solution for «<<30°. The first approximate mathe-
matical solution for determining the quantity of seepage and the line of
seepage through a homogeneous earth section on an impervious base was

@)
T8 3
e ol &
ox
h \
14 X ¢ '
[
D
x P:) Il /
d PN
d 17

Schoffernak ~1terson (196}
Assumption: g = kf/gf'

g
Result: 0 xS - stem e (A) /

For 0< & < 30°
(<)

]
Grophicel! Solution of Formuls (A).

L. Cosogronde ( /932)
Assumptton: g = hy-S
Result: a = 5.;}/57_’% .... (B) h

For 0< o < 60°

Can also be used with reasonoble
occurocy up to o = 90°

For ongles o< 60"/t is sufficient
70 set 5= Yh* + Jd* in equation (8)

Graphicel Solution of Formule (8).

Fic. 7.— GrAPHICAL DETERMINATION OF DiscHARGE POINT FOR a <60°,

“proposed independently in 1916 by Schaffernak (7) in Austria, and Iterson
(8), in Holland. It is based on Dupuit’s (9) assumption™ that in every point

of a vertical line the hydraulic gradient is constant and equal to_the slope

W o thej

line of seepage/at its intersection with that vertical line. This

dz
assumption represents a good approximation for the average hydraulic
gradient in such a vertical line providing the slope of the line of seepage is
relatively flat,

#Op this same assumption are based the common methods of computing ground water flow toward
wells,

w

S
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With this assumption and the condition that the gquantity ol water
flowing through any eross-section per unit of time must be constant, one
van derive the differential equation for the line of scepage [rom Figure 7a:

g= l.‘]/iy U 17)
dx
The solution of equation (7) yields the equation of a parabola. Assuming
that the quantities 7, d, and «, in Figure 7, are known, and with the houn-
dary conditions y=h for x=d, and dy/de=tan a for r=a cos a, or y=1t sin «,
mtegration leads to the following formula for the distance a which deter-
mines the discharge point (! of the line of seepage on the downstream face

of the dam:

CoS o cos’a sintw

g=kasinalana e (9)

These equations differ from their original form in the use of the dis-
tanee a, instead of its vertical projection, a change which provides a common
basis for all theoretical developments in this paper. A further advantage

Direction . ¥
of Axis C

F16. 8 — METtHOD OoF LocaTING PoINTs ON A PARABOLA.

of this change resides in the possibility of determining graphically the
distance a by means of a simple construction® which is shown in Figure 7h.
The ordinate through the known point B of the line of seepage is extended
to its intersection 7 with the discharge slope, and a semi-circle drawn
through the points 7 and A, with its center on the discharge slope. Then a
horizontal line through B is intersected with the discharge slope in point 2,
and the distance 2-4 projected onto the circle, yielding point 3. The final
step is to project the distance 7-3 onto the discharge slope. This yields the
desired discharge point €. The prool for the validity of this method is
readily found by comparing this construction with equation (8) and need
not be discussed in detail.

*This construetion is a simplification of unother method which was proposed in References 10 and 11.
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TFor the solution of many problems it is sufficient to know the discharge
point of the line of scepage. If it is desired to draw the entire line of seepage.
from the known point B to.the discharge point C, one can make use of the
graphical method, shown in Figure 8, for the rapid construction of any
number of points on a parabola for which are known two points, the tangent
to the parabola at one of these points, and the direction of the axis.

Through point B, Figure 8, one draws a line parallel to the axis and
determines its intersection 7' with the tangent. Then one divides the
distances B-T and (-7 into an arbitrary number of equal parts, such as
four parts. Points /1,71 and I1] are then connected with point C, and
through points 1, # and 3 one draws lines parallel to the axis. The points
where the lines through 7 and 7, 2 and II, ete., intersect, are points of
the parabola. :

b. Approximate Solution for a>>30°. The approximate solution by
means of equation (8), or the corresponding graphical method shown in
Figure 7b, gives satisfactory results for slopes of a<30°. For steeper slopes
the deviation from the correct values increases rapidly beyond tolerable
limits.

The causes for this deviation become apparent from a study of the
flow net for a slope of « = 60°, shown in Figure 9a. One can see that in the
vieinity of the discharge point the size of the squares along the vertical line
through the discharge point decreases only slightly towards the base. The
average hydraulic gradient along this vertical line is larger than the

hydraulic gradient Z—U along the line of seepage by less than 10 per cent.
s

However, the sine of 60°, which is the true hydraulic gradient for the line
of seepage at the discharge point, is only about one-half of the tangent of
60° used according to Dupuit’s- assumption. Hence the seepage can be
analysed with a satisfactory degree of accuracy by means of the following
equation:
g=ky dy e (10)
ds

This improvement was proposed by Lec Casagrande (10).

The difference between the use of the tangent and the sine of the slope
of the line of seepage is best illustrated by the following numerical com-
parison for various angles:

Slope tan sin
30° 0.577 0.500
60° 1.732 0.866
90° [e¢} 1.000

Hence, for slopes <C30° both methods may be used for practical purposes

. . . dy
with equal advantage. For slopes> 30° the deviation by using :1—‘/ hecomes
X
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. . dy . . -
intolerably large, while the use of TJ 1s very satisfactory for slopes up to
ds

60°; and if deviations of 25 per cent. are permitted, it may even be used up
to 907, that is, for a vertical discharge face.

Gilboy (12) succeeded in finding an implicit solution of equation (10
which is recommended where greater accuracy is required than can be
obtained by means of the graphical solution. The errors involved in the
position of the discharge point, as obtained by one or the other method
from equation (10), were investigated hy G. P. Reyntjiens (13).

Using the symbols shown in Figure 7a, and assuming that in each
vertical the hydraulic gradient is equal to f—i'—l/, equation (10) is the differ-

ds
ential equation for the line of seepage. The solution of thix equation cannot
readily be expressed by rectangular codrdinates ¢ and y. (See References
12 and 13.) However, the use of s and s,, measured along the line of seepage, .
does not represent any practical difficulty in the actual application of this
method. The quantity a, which determines the discharge point for the line
of secpage, is found by a simple integration:

gs = % + constant

Boundary [s=a, y=a sina, ¢=ka sin*«
Conditions |s=s, y=~h

a= so—\/soz_ - e (11)

sint e

g=kasin®a  wz. S (i2)

Again, the quantities employed in these equations differ from the
original form as presented in References 10 and 11 to permit a simple
graphical solution. This graphieal solution of equation (11) is illustrated
in Figure 7¢, and can be easily verified. It requires first an assumption for
the dizcharge point. The length (s,—a) is simply taken equal to the
straight line from B to (1, shown as a dotted line in Figure 7e. The slight
crror which is introduced when (s,—a) is replaced by a straight line has a
negligible effect on the positions of the discharge point. In fact, for slopes
a <607 it is entirely tolerable to replace the length s, by the straight
distanes from AB =V hi+-c2, thus eliminating trial constructions. The
construction is very similar to that shown in Figure 7h, except that point 1
ix found by rotating distance €' B, or A B, around point A.

It deviations up to 25 per cent. are permitted, the simplified value

s =\ Wdt = AB may be used also for slopes up to 90°. For a vertieal
slope the formula for a is reduced to the following simple form:

@ =V —d e (13)
I other words, for a vertical discharge face the height of the discharge
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point for the ine of seepage can be approximated by the difference hetween
the distance 4B = V24« and its horizontal projection d.

e Solutton for « Horizontal Discharge Surface (a = 180°). In 1931,
Professor Kozeny (6) published a rigorous solution for the two-dimen-
siomal problem of ground water flow over a horizontal impervious surface
which continues at a given point into a horizontal discharge face, as shown
in Figure 9d. Kozeny’s theoretical solution yields, for the flow lines and
equi-potential lines, two families of confocal parabolas, with point A4, where
the impervious and pervious sections meet, as the focus. ‘

The equation {or the line of seepage can he conveniently expressed in
the following form:

x vy 114)
2Yo
in which x and y are the codrdinates with the focus as origin, and y, the
ordinate at the focus 2 = 0.

11 the line of scepage is determined by the codrdinates o and 7 of one
known point, then the focal distance «, and the ordinate y, are computed
from the following equation:

(Va4 h—d) (15)

for which a graphical solution is recommended. (See Figure 1lc.i The

quantity iy, is simply equal to the difference between the distance N >4-5?
from the given point (d, &) to the focus of the parabola, and the abscissa .
The foeal distance «a, is equal to one-half the ordinate y,.
In addition to these simple relationships it is of advantage to remember
that the tangent to the line of seepage at 2 = 0 and ¥ = y, is inclined at 45°.
The guantity of seepage-per unit of width is, according to Kozeny’s
solution: ‘

o

S (16)
It is indeed fortunafe that the problem of seepage with a horizontal

g = 2ka, = ki,

discharge face has such a simple solution, not only hecause of the fact that-

in modern earth dam and levee design horizontal drainage blankets in the
downstream section are assuming considerable importance, but also hecause
this solution permits fairly reliable and simple estimates for the position
of the line of seepage for overhanging discharge slopes.

d. Approximate  Solutions  for  Overhanging Discharge  Swurfaces
(90° <L <<780%).  Although the determination of the line of seepage and its
point of exit for an overhanging discharge face, such as a rock fill toe, is
of importance in the design of carth dams, little attention has heen paid to
this problem. Experimental results were published by Leo Casagrande
(10 and 11), which permit a reasonably accurate determination of the line
ol seepage. Later, in 1933, the author ¢hecked the results of these model
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texts hy means of graphical solutions, of which a few typical examples are
shown in Figure 9, These solutions check vell with the experimental results
just referred to, and arve illustrated for one example in Iigure 10, Such
studies convineced the author that Forchheimer's graphical method for the
determination of the flow net can be utilized for the solution of seepage
problems with a free surface. The application of the graphical method to
such problems requires considerable skill. This can be acquired only by
extensive use of this method. Solutions such as those shown in Figure 9

Fia. 10.— MopsL TestT oN Orrawa STANDARD SaND witH OVERHANGING
DiscHarGE SLorg.

Note zone of capillary saturation above line of seepage — upper dye line.
After L. Casagrande (10). i

required many hours of work; sometimes several days were spent on one
ase,— becausge of the complications that the unknown upper houndary
introduces into such seepage problems. '

Arter sufficient graphical solutions to permit a rapid determination
of the line of seepage for any slopes 60° <o <<I180°, had heen accumulated,
the author’s attention was called to Kozeny’s (6) theoretical solution for
a = 1507, This proved a splendid opportunity for checking the aceuraey
of a purely graphical solution of a scepage problem with a free wafer
surface. Tigure 9d represents the original graphieal solution. The difference
between this solution and the theorctical solution is not more than 3 per
cent. for any point on the line of scepage. Therefore, no attempt was made
to include the theoretical solution in Figure 8d. Thix remarkable accuraey
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of the graphical method should convinee critics that the method ix not a
plaything but has great merit and that the time spent on acquiring ~ufficient
skill in this method is well invested.

To simplify the application of the graphical solution for very =teep and
overhanging discharge slopes such as are shown in Figures 9, a, b and ¢,
these flow nets were compared with Kozeny’s theoretical solution for a
horizontal discharge face. For the sake of simplicity, the line of seepage
for @ = 180°, which is represented by equations (14) and (156), and Figure 9d,
will be referred to as the “basic parabola.”

In Figure 9, the basic parabola is plotted into every case illustrated.
The basie parabola and the actual line of seepage approach each other very
quickly and for practical purposes may be assumed to be identical for
points whose ordinates /i are less than their horizontal distances from the
discharge point C. By comparing the actual line of seepage for a given
discharge slope with the basie parabola, we find that the intersection of this
parabola with the discharge face is a distance aa above the discharge point
of the line of seepage. The ratio C'= T}.L (see Figure 9) gradually de-

- a+ aa
creases with increasing angle «. The ratio € is equal to 0.32 for « =60°;
for a vertical surface (a=90°) it is 0.26; and for « =180° the ratio C is,
of course, equal to zero.

In order to utilize these relationships for determining the line of
seepage and the discharge point for steep vertical and overhanging slopes,
there has been plotted in Figure 11 the relationships between the ratio

n and the angle . The quantity a-+ aa is found by intersecting the
a- A

basic parabola with the discharge slope, an operation that can be performed
either graphically or mathematically. In both cases one computes or
constructs first y, = 4 d*+h*—d, for the known or estimated starting point
of the line of seepage. The graphical determination of the intersection (7,
is usually preferred, since the basic parabola is needed for the determination
of the line of seepage. The construction of the parahola is best performed
in the manner illustrated in Figure 8. For tangent ('T, either the tangent
at the vertex of the parabola, or the tangent under 45° at @ = 0 and y = y,
can be used.

The points on the curve representing the relation between o and

c= _;‘; in Figure 11h, are derived from the graphical solutions. Note
a+aa

how close to a smooth curve these points He. This is another demonstration
of the degree of accuracy that can be obtained by means of the graphical
method. .

The quantity ¢ is not only a funetion of the angle « but it also varies
somewhat with the relative position of points By, or Bs, and €, (Figure 11d).
The maximum variations in ¢, for the limits that would normally be en-

CASAGRANDE. 149

countered in earth dams, are about =5 per cent. The curvein Figure 11b
was determined for a relatively short distance from the entrance to the
diseharge point of the line of seepage, in consideration of the importance
of stratification in earth dams which is discussed in the next chapter.

Having plotted the basic parabola and determined the discharge point
by means of the ¢—« relation, Figure 11, and knowing the tangent to the
seepage line at the discharge point, it is an easy matter to draw with a fair
degree of approximation the entire line of seepage, as shown in the various
cases in Figure 9.
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e. Correctron for Upstream Slope; Quantity of Seepage. Due to the
entrance condition for the line of seepage and due to the fact that Dupuit’s
assumption is not valid for the upstream wedge of a dam, the line of
seepage deviates from the parabolic shape. For the usual shape of a dam,
there is an inflection point with a sharp curvature.in the first section of the
line of seecpage, while for a vertical entrance face there is only an increase
in curvature without reversal of direction. o

For an accurate seepage analysis, these deviations should be taken into
consideration. Referring to Figure 11d, it would be necessary to know in
advance the position of one point of the parabolic curve in the vicinity
of the entrance point B. L. Casagrande has chosen the intersection B; of
the ordinate through the entrance point with the continuation of the para-
bolic line of seepage and has expressed the correction BB = a, as a function
of d, h and the slope of the entrance face. A graphical presentation (11)
facilitates the finding of the necessary correction a;.

Somewhat simpler is the following approach. Instead of selecting
point B, for the start of the theoretical line of seepage, we choose its inter-
section By with the upstream water level. The corresponding correction as
is about 14 to 14 of the horizontal projection m of the upstream slope, or
for average conditions A, = 0.3m. This is easy to remember and dispenses
with the necessity for tables or graphs for the correction. The determination
of the line of seepage is then carried out with point B; as the starting point.
The actual shape of the first portion of the line of seepage, starting at
point B, can easily be sketched in, so that it approaches gradually the
parabolic curve, as shown in Figure 11d. ’

The quantity of seepage ¢ per unit of length can be computed either
from equations (12) or (16). If we substitute in these equations the known
quantities, they appear in the following form:

4= k(\/hi-}-d?_ Vd2—k? cotan? a) sinfa e (17)
and q=k(V@FIP—d) - a4

For the great majority of cases encountered in earth dam design, both
equations give practically the same result, so that the simpler equation (18}
should be used for general purposes. In other words, the quantity of seepage
is practically independent of the discharge slope, and is equal to the quantity
that corresponds fo the basic parabola. Only in those cases in which the
starting point of the line of seepage is very near the discharge face will the
difference between the two equations warrant the use of equation (17).

For the comparatively rare case in which the presence of tail water
must be considered in the design, the determination of the line of seepage
and of the quantity can be performed by dividing the dam horizontally at
tail water level into an upper and lower section.. The line of seepage is
determined for the upper section in the same manner as if the dividing line
were an impervious boundary. The seepage through the lower section is
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determined by means of Darcy’s law, using the ratio of the difference in
head over the average length of path of percolation as the hydraulic
gradient. The total quantity of seepage is the sum of the quantities flowing
through the upper section and the lower section. The results obtained by
this rather crude approximation agree remarkably well with the values
obtained from an accurate graphical solution.

Those readers who are interested in data showing how the results of
seepage tests agree with the computed line of seepage and seepage quantity,
using the methods described in this chapter, should consult References 10
and 11,

G. SEEPAGE THROUGH ANISOTROPIC SOILS.

By a combination of the various methods of approach that have been
outlined, and with proper consideration of boundary conditions as sum-
marized in Figure 6 and discussed more in detail in Appendix I, one can
arrive at a reliable determination of the line of seepage through even the
most complicated cross-sections of earth dams. The cross-section may
consist of portions with widely different permeabilities; however, each
homogeneous section in itself is assumed to be isotropic, that is, possessing
the same permeability in all directions. Unfortunately, this is practically
never the case. Kven a uniform clean sand, consisting of grains of the usual
irregular shape, when placed in a glass flume for the purpose of building
up a model dam section, does not produce an isotropic mass. The grains
grientate themselves in such a manner that the coefficient of permeshility is
not uniform in all directions but larger in a more or less horizontal direction.
As a congequence, the entire flow net is markedly influenced, resulting in
considerable deviations from the theoretical flow net for an isotropic
material.

Only by using a very uniform sand consisting of spherical grains, and
by making tests on a sufficiently large scale, to reduce the capillary dis-
turbance, can one arrive at test results that are in good agreement with
theory. For this reason most of the tests described in References 10 and 11
were carried out on Ottawa standard sand.

Soils, in their natural, undisturbed condition, are always anisotropic
in regard to permeahbility even if they convey to the eye the impression of
being entirely uniform in character. If signs of stratification are visible,
then the permeability in the direction of stratification may easily be ten
times greater than that normal to stratification.” For distinctly stratified
soils this ratio can be very much-larger than ten.

‘When soils are artificially deposited, as in the construction of a dam
or dike, stratification develops to a greater or less degree. Such stratification
has always been recognized by engineers as being undesirable, and for this
reason special construction methods have been developed to disturb or
destroy it. The hydraulie-fill core, during its construction, is frequently
stirred with long rods in order to break up stratification as much as possible.

-
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Sheepsfoot rollers are effective in compacting carth fills without ercating
distinet stratification. However, in spite of such precautionary measures,
a certain amount of stratification remains. In addition, it is practically
impossible to eliminate considerable variations in the general character of
the material in the borrow pit; especially variations in permeability, which
will result in substantial variations in the permeability of the dam from
layer to layer. These cannot be eliminated by thorough rolling. Even the
most carefully construeted rolled earth dams possess o considerably greater
average permeability in a horizontal than in a vertical direction. Therefore,
thorough investigation of variations in the character of the horrow pit
materials forms an important part of preliminary studies. Taking into
consideration the uncertainties that are always encountered in dealing with
soil deposits and cannot he completely eliminated by the most elaborate
investigations, it is essential that we should be conservative in the assump-
tions on which the design of an earth dam is based. This requires special
attention to the possible degree of anisotropy in the dam.

The question of seepage through anisotropic soils was investigated for
the first time and solved by Samsioe (14) in 1930. Fortunately the solution
is simple and lends itself readily to practical application. The flow net of
an anisotropic soil does not possess the usual characteristics of a flow net.
However, it can be reduced, by the application of an appropriate geometric
transformation, to an ordinary flow net. Designating the maximum and
minmimum coefficient of permeability for an anisotropic soil as kg, and
ki, it can be shown mathematically (see Reference 16) that by trans-

forming the entire cross-section in such a manner that all dimensions in the

/ mm

direction of Eaz are reduced by ltho factor , or that all dimensions

IH(I:C

k
=74z the problem is
“mm

again reduced to a solution of Laplace’s equation. In other words, the flow
net in the transformed section has the same characteristic flow lines and
equipotential lines as previously discussed in this paper. Among others,
Forchheimer’s graphical method and all approximate methods suggested
in this paper are applicable to the transformed section. After having found
the line of seepage, or the entire flow net, in the transformed section, it is a
simple matter to project this characteristic flow net back into the true
section, in which flow lines and equipotential lines will not generally inter-
sect at right angles. It should be noted that the hydrauliec gradient at any
point of the flow net and the magnitude of seepage pressures can only be
determined in the true section, while the distribution of pore pressures and
of hydrostatic uplift can be deuved from either section. .

The quantity of seepage can be computed from the tlaDQfmmed section

in the direction of k,,;, are increased by the factor

on the basis of the coefficient of permeability I = V kmin. kmaz.  For proof
see Reference 16.

Z
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Turther information on seepage through stratified soils, the transfor-
mation theory, and examples may be found in References 15, 16 and 17.

The application of the transformation method is illustrated by the
simple example of a rolled earth dam with a rock fill toe, shown in Figure 12.
The dimensions and slopes of this dam are such that if a suitable soil i< used,
hardly any doubt would be raised regarding its stability. The rock ll toe
seems to represent ample provision for safe discharge of seepage water.
Indeed, the line of scepage, assuming isotropie soil, does fall well within the
Jdownstream face as shown in Figure 12a, (coefficient of permeability in
horizontal direction &, equal to coefficient in vertical direction k). How-
ever, if this dam is carelessly built of various types of soils with widely
Jifferent permeabilities, a structure may well result that is many times
more pervious in the horizontal direetion than in the vertical direction. In
the example shown in Figure 12, kj = 9k, was chosen. On the right-hand
side a new cross-section of the dam is plotted in which all horizontal dimen-

. \/ k,

sions are reduced by the factor =—

‘ k),
determined in accordance with the methods outlined previously, and pro-
jected back into the true cross section. As can be seen in Figure 12a, the
line of seepage for ky, = 9k, does intersect the downstream face, which is an
nndesirable condition that may in the course of time lead to a partial or
complete failure of the structure.

Then the line of seepage is

H. RemARKs oN THE DusieN oF EARTH Daums aND LEVEES.

The question may arise-of how to construet the downstream pottion
of a simple rolled earth dam, so that the line of seepage will remain a safe
distance inside the downstream face of the structure, when only small
quantities of coarse material are available. A simple solution is suggested

in Figure 12¢, in which a pervious blanket below the downstream portion

of the dam isremployed to quifci'(r_;l trllolzo;ltloll of the line of féje@i)qge to any

desired extent. Such a blanket should be built up as ‘a graded filter, care-
Tully designed, to prevent erosion of any soil from the dam.

Whenever a dam or levee consists essentially of a uniform section of
relatively impervious soil, e.g., possessing an average coefficient of permea-
hility of less than 1 x 10~ em. per see., the pervious blanket may well be
extended as far as the centerline of the structure, as shown in Figure 13e.
Such a design would add much more to the stability of the entire down-
stream portion, ineluding the underlying foundation, than could be accon-
plished by a substantial flattening of the downstream slope. A levce built
in the conventiona manner, with a downstream slope of 1 on 5, wonld possess
less stability than a well-compacted levee in which the do wnstream slope is marle
as steep as 1 on 2, but which contains a filter blanket of the type shown in
Figure 13c. In the example illustrated in Figure 13c, it was assumed that a
pervious foundation stratum lies beneath the levee and that the permea-
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F1c. 13.— EFFECT OF INTERNAL DDRAINAGE ON Frow NET.
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bilities of the levee material and the underlying foundation are the same,
with a ratio of k;/k, =3. The transformation which was required for
obtaining the flow net, is illustrated by another example shown in Figures
13a and h. The assumptions are the same as in Figure 13¢, except that the
filter blanket is reduced to a longitudinal drainage strip with frequent
transverse outlets. A tile drain may also be embedded within the core of
the longitudinal drainage filter to increase the capaecity of the drainage
system if the structure consists of relatively pervious soils. This type of
drainage would be employed where the quantities of suitable material for
the drainage layer are very limited. To obtain the flow net, the true section
was transformed into a steeper section, using as transformation factor
VIn/ ke =+/3. The flow net was then obtained by Forchheimer’s graphical
method, by gradual approximation. Note the equi-distant horizontal lines
intersecting the line of seepage. These were plotted hefore starting the
flow net. In this example the line of seepage ix not identical with the hasic
parabola, beeause the surface of the foundation on which the structure
rests is not a flow line. However, it is convenient to use the basic parabola
ax a general guide for the first plot of the flow net. After a satisfactory
solution is found, the flow net is projected hack into the true cross section,
Figure 13h.

No attempt is made in this paper to discuss in detail the important and
interesting relationships that exist between the stability of earth dams or
dikes and the seepage through arrd beneath them. However, it should be
emphasized that the forces exerted by pereolating water upon the soil can
be very appreciable, and are often a maximum in critical points. These
seepage forees are readily determined from a well-construeted flow net,
and can then be combined with gravity forces for the stahility analysis.
Anyone who has made comparative studies of the seepage forees that may
exist in dams and their foundations, must be impressed by the paramount
importance of the design of those features that control seepage. It is not
surprising that on the basis of empirical knowledge levees have been con-
structed with flat slopes. A'levee built in the conventional manner of sandy
=0il, with slopes of 1 on 2 or 1 on 3, would be an unsafe structure. However,
substantial flattening of the slopes is a very costly way of increasing its
safety. Besides, éven very flat slopes do not necessarily provide sufficient
safety against undermining, particularly when a levee rests on a stratified,
pervious foundation. In view of the large expenditures on levee construction
which the next decade will bring, investment in research in this field would
pay rich dividends if new designs for levees were developed that would not
only be much safer than those built in the past, but considerably less
expensive, The widespread opinion among engineers that in earth dam and
levee design “section makes for safety’’ needs lo be revised.

Many failures of levees are due to undermining caused by seepage .

through the foundation. Unless drainage provisions, as shown for example
in I . 13, are provided, the largest concentration of flow lines, both
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through and beneath the dam, oceurs at the downstream toe where the
soil iz not confined,  Ax stated hefore, flattening the slopes does not greatly
improve this condition. In some cases, particularly when the foundation
soils are porous and distinetly stratified, drainage provisions within a levee
may not be sufficient protection. In such eivcumstances it may be hene-
ficial to drill frequent holes into the foundation heneath the future longi-
tudinal drain, and to fill these holes with coarse material. Such “drainage
wells” have been employed already for another purpose, the relief of upward
pressure on an overflow dam (sce Reference 18). Properly designed and
constructed drainage wells would effectively destroy any serious flow con-
centration at the toe of the structure. In other cases, particularly for a
very pervious, but relatively thin foundation stratum, the use of a sheet-
pile cut-off may be the ideal solution.

Improvements in levee design, as suggested here, are of a nature that
will not produce interference with modern construction methods. Drainage
wells, Iongitudinal and transverse drains or drainage blankets must all be
huilt hefore construction of a levee is started. The building of the levee
can then proceed in the same manner as if the drainage structures did not
exist, thus permitting full use of large drag lines and tower machines,

I. SEEPAGE THROUGH ((OMPOSITE SECTIONS.

Tor the purpose of controlling seepage and utilizing available soils to

" hest advantage, it is usually necessary to build dams of several sections
with widely different coefficients of permeability. Since it is common. to.

tequire that the ratio in permeability between neighboring sections should
be at. 1ea\f one to ten, it ig rarely necessary to determine the flow net for the
entire dam if a ccueful study is made of the least pervious sections. How-

ever, in some cases it may be necessary to determine the position of the
entire line of seepage. In Figure 14 is reproduced an example given by
L. Casagrande (12), showing the line of seepage for a combination of two
sections, with the downstream section huilt of soil which is five times more

Fic. 14.— LINE OF SEEPAGE FOR A COMBINED SUECTION.

The computed result was verified by model experiments.
After L. Casagrande (11).
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pervious than the central section. The line of seepage through such a
composite section is found by changing the assumed position for the point

Qj‘j‘l‘lt;réééitfdh of the line of seepage with the boundary until the quantities

flowing through both sections are the same. After the correct position of

the line of seepage has been determined, one can also develop any desired
portions of the flow net, ’

J. COMPARISON BETWEEN FORCHHEIMER'S GRAPHICAL METHOD,
Hypravvnic MopEL TESTS AND THE ELECTRIC
ANALOGY METHOD.

The purpose of model tests for seepage studies can be twofold
(1) determination of the flow net for a given cross-section, assuming that
the soil is isotropic; (2) determination of the flow net if the model is build
up in such a manner that it resembles the prototype as to possible strati-
fication, character of the soils, ete.

Tor the first purpose it is essential that the material used shall consist
of grains as nearly spherical and as nearly of one size as possible. In addi-
tion, the models must be large enough so that the height of capillary rise
will not distort the line of seepage, particularly in that portion of the flow
net near the discharge point of the line of seepage. (See Figure 10.) Use of
Ottawa Standard Sand has given good results. Since one should not go
much below the size of Ottawa Standard Sand on account of the distorting
effect of capillary rise, one is obliged to use artificial spheres, such as glass
spheres, of appropriate sizes for models eontaining sections with different
coefficients of permeability. For such coarse materials the validity of Darey’s
law must be checked. The results of careful model tests conducted with
such materials agree well with the solutions obtained by the graphical
method, the electric analogy method, or rigorous theoretical solutions, so
far as the latter are available.

For the second purpose, the testing of models similar to the prototype,
one has to know first of all how the coefficient of permeability varies in the
prototype, not only in its various sections, but particularly within each
section due to anisotropy. Then one must build the model to imitate, on a
small scale, these conditions. It is a waste of time and money to build a
model using the same soil as in the prototype without attention to the
anisotropic conditions in the prototype. Such a model does not represent
the prototype; nor are the results comparable to the conditions for iso-
tropic materials, because the inevitable irregularities and stratification due
to the method of building the model are reflected in the resulting flow
net to such an extent that the flow net looks very much like a be-
ginner’s attempt at employing the graphical method. The results of such
model tests will lie somewhere between the conditions for an isotropic
model and the actual conditions in the prototype and will tell practically
nothing that can be of assistance in our problem; on the contrary, such
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results are often very confusing, particularly when the tests are made hy
men inexperienced in theoretical and graphical solutions and, therefore,
are unable to interpret properly the test results.

The electric analogy method, when used by an experienced operator,
is a useful and accurate method for direct determination of flow nets between
given boundaries. Composite sections consisting of soils with different
permeability can also be investigated by this method. Unfortunately, the
method does not permit the direct determination of the line of seepage for
those problems in which the upper surface is not a fixed boundary. Another
disadvantage of this method is that it requires an accurate apparatus and
the construction of a special testing model for every problem. If compared
with graphical solutions, the electrical method is more expensive and
requires more time. It should also be mentioned that a satisfactory presen-
tation of the results obtained by means of the electrical method requires
knowledge and application of the graphical method. In some instances the
amount of work required to transform the test results into a good-looking
flow net would have been enough to produce this flow net by the graphical
method without assistance of the electrical apparatus. The graphical
method will serve as an excellent check on the electrical method and
should be used whenever accurate solutions are sought.

Another important advantage of the graphical method is that the
process of finding the flow net for a proposed section almost inevitably
suggests changes in the design which would improve the stability of the
structure, and often its economy. With some experience in the use of the
graphical method the effects of changes in one or the other detail of the
design can quickly be appraised without the necessity of finding the com-
plete flow net for a number of different cross-sections. Thus there can be
explored in a short time many possibilities which would require months of
work with any of the other methods. Such studies have already indicated
desirable changes from the conventional design of earth dams and levees,
some of which were briefly discussed in the preceding chapter.

Finally, there should be mentioned the pedagogical value of the
graphical method. It gradually develops a feeling or instinet for streamline
flow which not only improves, in turn, the speed and accuracy with which
flow nets can be determined, but also develops a much better understanding
of the hydromechanics of seepage and ground water movement. The in-
vestigator who is trained only in the use of “mechanical” methods for
analysing seepage problems can check his tests only by performing addi-
tional tests. He is rarely able to detect inaccuracies by the appearance of
the test results. In contrast to this, the author has been able to point out
even minor inaccuracies in the results obtained from model tests, as a result
of the sense for streamline flow developed by applying the graphieal method
for years.

In concluding this discussion, the author wishes to emphasize the
almost obvious point, which nevertheless is frequently overlooked, that the
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investigator should consider carefully, before starting any model tests,
what information he desires to obtain from these tests. In nine cases out
of ten he will then come to the conclusion that he could obtain the results
without tests. Particularly in those cases where he attempts to evaluate
the effect of variations in the coefficient of permeability, he will arrive at a
better conception of the probable limits within which the seepage condi-
tions in the prototype may vary by making a careful study of the possible
variations in the coefficient of permeability (e.g. from studies of the varia-
tions in the borrow pit material) and then applying these values in graphical
solutions, utilizing the transformation method. A model test would yield
only one result, the relation of which to the prototype is often unknown.
Such a test would certainly not permit a conclusion in regard to the
probable limits within which the actual flow conditions will vary.

The practical application of the graphical method would be promoted
if, for all typical conditions encountered in dam design, carefully con-
structed flow nets were published. The beginner in the use of the graphical
method in particular, would be greatly assisted and encouraged in his
efforts to acquire skill in the use of this valuable tool.

ArpeNDIX 1.

‘(a) Deflection of Flow LinesDueto Changein Permeability. Flow linesare
deflected at the boundary between isotropic soils of different permeability
in such a manner that the quantity ag flowing between two neighbouring
flow lines is the same on both sides of the boundary. Referring to Figure 5,
in which the flow net is plotted on the basis of squares for the material on
the left of the boundary, and designating by ah the drop in head between
any two neighbouring equipotential lines, the following relationship can
be set up:

8g = i = Ry 20
a b
or h_e (19)
ke b
'a = .b (md‘a = b
stma  snf cosa  cosf.
By combining these relationships one arrives at:
¢ _tlanp _ I e (20)

b tana ko

Expressed in words, the deflection of the flow lines occurs such that the
tangent of the intersecting angles with the boundary is inversely propor-
tional to the coefficients of permeability. Furthermore, the squares on ohe
side of the houndary change on the other side into rectangles with the
ratio of their sides equal to the ratio of the coefficients of permeability, such
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that the flow channels are wider in the material with the smaller coefficient
of permeability.

It is probable that Forchheimer was the first one to use these relation-
ships. However, he never took the trouble to publish them. In 1917, he
communicated those relationships to Terzaghi, who made extensive use
of them in his foundation investigations of dams, and also taught them in
his course in Soil Mechanies at the Massachusetts Institute of Technology,
during 1925-29.

N -y o 7o s '. ] .
(b) Transfer Conditions for Line of Seepage at Boundaries; General

Remarks. L. Cazagrande (10) made use of the general properties of a flow
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F1¢. 15.— DERIVATION OF DiscHARGE CONDITION
1NT0 OVERHANGING SLOPE.

‘net to analyze the condition at the entrance and discharge points of the
line of seepage. Following the same general approach, the author deter-
mined the transfer conditions for other eases, including the transfer at the
houndary between soils of different permeability. The results are assembled
in Figure 6.

To acquaint the reader with the method used, it will be sufficient to
present in the following the derivation for two typical cases.

(¢) Discharge into an Overhanging Slope. In Figure 15 is shown the
flow net in the immediate vieinity of the discharge point, sufficiently
enlarged so that flow lines and equipotential lines appear straight. The
slope of the line of seepage at the discharge point, the “discharge gradient,”’
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is assumed arbitrarily; then the flow net is plotted, starting with u series
of equidistant horizontal lines which represent the head of conseeutive
equipotential lines. One can see immediately that the assumed discharge
gradient in Figure 15 cannot be correct, because it is impossible to draw
squares in the lower portion of the flow net. By setting up the condition
that the sides « and b of the resulting rectangles must become equal, one
can arrive at the necessary condition for the discharge gradient.

By projecting the sides « and b in the shaded triangles, Figure 15, one
arrives at the following equation:

-siny = a cos (@ +v—90°) = ah

o8 o i

To fulfill the condition @ = b, the only possible solution is o = 90—+; that
means the line of seepage must have a vertical discharge slope.

(d) Transfer Conditions for Line of Seepage at Boundary between Soils
of Different Permeability. To analyze the transfer conditions for the cases
illustrated in Figures 6k and m, we start from the conditions that the
hydraulic gradient at any point along the line of seepage is equal to the
sine of the slope of the line of seepage of that point; and that the quantity
flowing through a very thin flow channel along the line of seepage must be
equal on both sides of the boundary. Referring to Figure 16a, we have the
following velocities along the line of seepage, on both sides but in the imme-
diate vicinity of the boundary:

v = ki sin (a—w')
ve =k sin (B—w')
The quantity ag flowing through the channel is:
Ag = aky sin (a—w') = cky sin(8—w’)
wherein the quantities « and ¢ represent the widths of the flow channels, in
accordance with Figure 16a. After replacing the quantities ¢ and ¢ by

their projection onto the boundary, and substituting ki/ks = tan 8/tan o, one
arrives at the general condition: '

cosa  sin (f—w')

cos B sin(a—aw')
or .
sin (90—a) st (B—w’)

sin (90—8)  sin (a—w’)

If we assume 90—oa>B—w , then it follows that 90 —f <a—w’, and vice
versa. Hence the only possi ble solution is:

—a=p—u
or B=90+w—a (21)

or B=270°—a—u
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Since this condition does not contain the coefficients of permeahility, it has
to be fulfilled simultaneously with equation (20). Equations (20) and (21)
determine, for a given slope w of the boundary, the unknown angles o and g
between the line of seepage and the boundary.

v/foe/zoh' TAL

constak,

Fia. 16.— TransrFeR CONDITION OF LINE OF SEEPAGE
AT OVERHANGING BOUNDARY.

The solu‘tion of these two equations can best be found graphically in
the manner illustrated in Figurve 16b. A cirvele is drawn with an arbitrary
radius and the angle A0D 1s made equal to (90-+w’). Then lines are drawn
through points A and D perpendicular to the corresponding radii. The
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problem is to draw another line through the center & (shown as dot-dash
line) which fulfills the condition that the ratio A B, CD = ky/k.. Such a line
can be found quickly by trial. The unknown angles « and g8 are determined
by the angles hetween the dot-dash line and lines O4 and OD, respectively.

Depending on whether &, is larger or smaller than %y, ‘we arrive at
solutions in which either point B or point (' is nearer the center of the circle.
The corresponding deflection of the line of seepage is illustrated in Figures
6k and m.

While this theoretical solution for 2> L» can easily be verified by model
experiments, it is not generally true for Ay <ks. In this case, when the down-
stream section is more pervious, the boundary condition for the line of
seepage’is also influenced by all other dimensions of the dam, especially by
the elevation of the discharge point and its distance from the boundary
under consideration. Only in special cases, particularly for high tail water

PARTIALLY
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I'ic. 17.— TrANSFER CoNDITION OF LINE OF SEEPAGE
AT OVERHANGING BOUNDARY.

level, and coefficients of permeability that do not differ greatly, does the
line of seepage follow the theoretical solution. Whenever the theoretieal
solution has the appearance shown in Figure 17a, with the line of seepage
deflected into an overhanging slope, it represents a condition that may he
observed on a small seale in the laboratory but does not occur on a large
scale. Instead of the continuous line of seepage of Figure 17a, a discon-
tinuity develops, with the water seeping vertically into the more pervious
zoil, and only incompletely .ﬁllring its voids.  In other words, the quantity
discharging vertically downward at the boundary is insufficient to fill the
voids of the conrse material. Therefore, normal atmospheric pressure will
act slong that section of the houndary and the laws for open discharge are
valid, foreing the line of seepage to asstune a vertieal discharge gradient
at the houndary. That portion of the coarser soil which ix only partially
saturated, is illustrated in Figure 170 by the shaded area.

The graphical =olution shown in Figure 16h also permits determination
of the transfer conditions for the entrance of the line of seepage foi the
specia] case illustrated in Figure 6¢. The open body of water on the up-
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stream side may be considered a porous material with ky— o, for which
case Figure 16h yields 8 = 90°. The same conclusion may be reached from
equation (21), remembering that for this case, a = w’. This result means
that the line of seepage enters perpendicularly to the upstream face of the
dam, as shown in Figure 6c¢.

(e) Singular Points 1n a Flow Net. In trying to apply Forchheimer’s
graphical method, the beginner is frequently puzzled by the fact that some

%

F1g. 18.— ILLUSTRATIONS OF SINGULAR PoinTs oF Frow NEt1s.

“squares” have no resemblance to real squares, and that, in some cases,
flow lines and equipotential lines do not intersect at right angles. For
example, in Figure 18a, the full-drawn areas 1,2, 3, 4 and 4, 5, 6, 7 do not
appear like “squares’” to the inexperienced. However, by subdividing such
areas by equal numbers of auxiliary flow lines and equipotential lines, one
can eazily check whether the original area is a “square” as defined for flow
nets. By such sub-division one must arrive at areas which appear more and
more like real squares. However, in most cases it is sufficient to com\pare
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the average distances hetween opposite sides, that i, e... the lengths 9-10
und 11 120 by means ol a pair of dividers.

In Figure 18a, the entire area to the right of points 2, 1, 7 must also he
comsidered asquare, in =pite of the facts that the fourth point Hes at infinity
and thut the angle hetween the fow line and equipotential line at this point
15 zero instead of 90° Tt s, indeed, possible to continue subdividing this
avea, as shown by the dotted lines, always leaving a semi-infinite STUp as
the “last square.” By this process of subdivision the amount of water
entering into the “last square” is continuously reduced and approaches
zero. In this way it is possible to reconcile the irregularity of the fourth
corner by the fact that there is no flow of water at that point.

Similar irregularities in the shape of squares appear wherever s« given
boundary of the soil, with water entering or discl harging, and boundary
flow lines (impervious base or line of seepage) intersect at a predetermined
angle. If this angle is less than 90°, then the velocity of the water at the
point of intersection is zero. Such points are the entrance point A4 of the
line of seepage in Figure 18b, and points B and ¢ in Figure 18¢. On the
other hand, if the mtersectlng angle is greater than 90°, then the theoretical
veloeity in that point is infinite. Such points are corner 4 in Figure 9d,
corners B and ' in Figure 18b, and point D in Figure 18c. The last, repre~
senting the coneentration of flow lines at the elevation of tail water level,
15 the cause for the well-known erosion which is observed on the downstream
slope of homogeneous dam sections at the line of wetting.

At points where the theoretical velocity is infinite, the actual v elocity
1= influenced by the facts that for larger velocities Darey’s law loses its
validity, and that changes in Velomty kead become so important that they
cannot be neglected. Hence, in the vicinity of such points the general
differential equation (4) is not valid, and the flow net will deviate from the
theoretical shape. However, the areas affected are so small that these
deviations may be disregarded.

Aprenprx I1.
Additions to the Original Paper.

(@) Graphical Procedure for Determining Intersection between Discharge
Slope and Basic Parabola. The intersection between the dischar ge face and
the basic parabola, designated in Figure 9 by point ', can he determined
by the following simple graphical procedure.

. . . . 12—y 2
The ordinate h; of the intersection of the basic parabola x =Y 5 Yo
Yo

with the discharge slope y == tan o is found as the solution of these two
equations in the following form:

Ya ln?' o
7'1=i¢+\ Yo + yo’
tun o tan® o
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The first member, ,is equal to the distance £B = f,in I'igure 19; the
tan «¢ L

second member, under the square root, is equal to the distance A B = ¢; the

ordinate h; of the intersection is simply equal to the sum (f4g) for angles

a<<90° and equal to the difference (g—f) for angles >90°. These rela-

tionshipé are expressed by the construction shown in Figure 19, which

needs no further explanation. '
The discharge point of the line of seepage is then found as discussed in

Seetion F-d, with the help of Figure 11.

(b) Comparison between Hamel's Theoretical Solution and the Proposed
Approximate Methods. Hamel (19), has succeeded in arriving at a rigorous
mathematical solution of the problem of seepage through a homogeneous

—em e — e

i G ——

FOR o< 90° FOR o > 90°

Fic. 19.— GrapruricAL METHOD FOR DETERMINING INTERSECTION BETWEEN
Basic ParaBora AND DiscHarGE Face.

dam section. Unfortunately, the theory is so cumbersome that, in its
present form, it is of little use to the engineering profession. It fvill he
necessary to compute a sufficient number of typical cases, and publish tl}e
results in the form of tables or graphs, before engineers will be able to realize
the advantages of this theoretical treatment. Recently, a few cases have
been computed by Muskat (20) for coffer dam sections with vertical sides.
These solutions presented an opportunity to investigate, at least for a few
special cases, the accuracy of the approximate methods. proposed in this
paper. The results of this comparison were so encouraging that they ave
presented in the following paragraphs to permit the reader to formulate his
own conclusions. ‘

In Figure 20 are assembled three of the six cases which were published
by Muskat (20). In each case the elevation of the discharge point, as com-
puted from Hamel’s theory, is designated by C,. and its vertical distance
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from the tail water level, or from the impervious hase in the absence of

tail water, is designated ay.

‘ An approximate elevation of the discharge point was found by means
of the graphical procedure shown in Figure 7¢. To facilitate the convlpm‘ison
between these figures, all points in Figure 20 are marked to correspun(f to
those in Figure 7. The construction is shown with full lines. The I'E'.\“ul’[{int
ischarge point is marked €, and its elevation from the hase, or ti)ﬂ tail
water level, is marked «. , o
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F1a. 20.— COMPARISON BETWEEN RIGOROUS AND APPROXIMATE
DETERMINATIONS OF DISCHARGE POINT.

‘ In addition to this construction, the simplified procedure was used in
which s, =+/h*+d2. For a vertical discharge face the simplified foﬁnula
for a becomes a’ = /h2+d2—d as proposed by Kozeny (6). The corre-
sl?onding construction is shown in Figure 20 by dash lines and the resultin?
discharge point and elevation are designated by C” and a’ respectively. )

The case illustrated in Figure 20a, corresponding to Muskat’s case
No. 6, is identified by the ratio d/h = 0.937. Hamel’s theory yiel(is >the
quantities ay/h = 0.394, and for the rate of seepage, gy = 0.539 kh. '

As was shown by Muskat (20) and Dachler (23), the rate of seepage

2 h2
computed by means of Dupuit’s formula g = =

k, or without tail

.

: h?
water ¢ = 2 k, represents an excellent approximation. For the case illus-

trated i Figure 20a, we have

h
= — kh=0539%k
q 9 h = 0.539 kh
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The next case, Figure 20b, corresponds to Muskat’s case No. 4 and is
identified by the ratio d/h=0.556. The theory by Hamel yields the
quantities ag/h = 0.596, and gy = 0.898 kh. The approximate rate of
seepage, computed from Dupuit’s formula, as described for the previous
case, is ¢ = 0.900 kh.

The third case, shown in Figure 20c, is identical with Muskat’s case
No. 2. It differs from the other examples by the assumption of a definite
tail water level, and is identified by the quantities d/hy=0.663, and
d/hy = 2.81. From the theory we get agy/hi= 0.301, and gy = 0.917 Ekh,.
Dupuit’s formula yields ¢ = 0.695 khi.

The comparison between the values for the elevation of the discharge
point obtained by Hamel’s rigorous solution and those by the approximate
methods shows that, for engineering purposes, the approximate solutions
are very satisfactory. It is interesting and of practical value to note that
the approximate methods also give satisfactory results for ratios d/h con-
siderably smaller than 1.0. Considering that the upstream portion of the
flow net differs considerably from Dupuit’s assumption of a constant
hydraulic gradient in all verticals, this result is somewhat unexpected. For
ratios of d/h<C1.0, it appears that Kozeny’s formula (13) gives slightly
better results than the formula by L. Casagrande.

The remarkable agreement between the theoretical rate of seepage and
Dupuit’s approximate solution deserves special emphasis.

(¢) Graphical Solution by Means of the H odograph. A new graphical
method for determining the flow net was proposed by Weinig and Shields
(30), in which the flow-net is determined graphically in the “hodograph
plane” and then projected into the actual cross section.

The hodograph of a flow line is the curve which one obtains when
plotting from one origin velocity vectors for all the points of the flow line.
Therefore, the straight line connecting the origin with one point on the
hodograph represents the magnitude and direction of the velocity for the
corresponding point on the flow Line.

Since the velocity along the free water surface is proportional to the
sine of the slope, the hodograph for the line of seepage is a circle with
diameter equal to the coefficient of permeability. The hodograph for a
straight boundary is a straight line. Therefore, all boundaries of the hodo-
graph that correspond to the flow net of a homogeneous isotropic dam
section are known, and it is possible to set up equations that represent the
solution of the problem in implicit form. That such a theoretical solution
is rather complicated, even for the simplest dam section, has been men-
tioned before in the discussion of Hamel’s theory (19). Therefore,Weinig
and Shields follow the theoretical approach, using the hodograph, as far as
mathematics permits conveniently; then they proceed to find the flow lines
and equipotential lines in the hodograph by a graphical procedure which is
essentially similar to Forchheimer’s method.
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One advantage of the method by Weinig and Shields is the possibility
of determining numerically correct values for the velocity at certain points
along the boundaries. In comparison with Forchheimer’s graphical method
the approach by Weinig and Shields is much more complicated and requires
a thorough acquaintance with the hodograph, which very few engineers
possess. Furthermore, this method is limited to simple cross-sections, while
Forchheimer’s method can be applied to complicated dam sections and
foundation conditions.

Weinig and Shields (30) have solved a steep triangular dam section
by means of the graphical solution of the hodograph. This cross-section is

7

Fia. 21.— DiscHARGE PoinTs OBTAINED BY (JRAPHICAT SOLUTION
or HopoerRaPH AND METHOD ILrusrraTED IN FIG. 7.

illustrated in Figure 21. Point C,, represents the discharge point as deter-
mined from the hodograph, and point C the discharge point using the method
shown in Figure 7b. The elevation of point ' is 15 per cent. lower than that
of C',. How much of this cliffe;‘ence is due to inaccuracy in one or the other
method is uncertain. Probably the hodograph solution is more accurate
when the entrance point of the line of seepage is very close to the discharge
face. In Figure 20, as well as in Figure 21, the discharge points obtained
by the simple graphical procedure are situated lower than the other more
accurate solutions. This would indicate the necessity for applying a correc-
*ion in those cases where upstream and downstream face are very close,
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